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'REFACE

Most of he mathematical techniques that are in use today were dePeloped

to meet practical needs. The elementary arithmetic operations'have obvious

uses in everyday life, but the mathematical'conc'epts" which are introduced at

the junior high school level and 4bove are not as obviOusly useful.'

The School Mathematics Study Group has-been.exploring the possibility

of. introducing some of the basic concepts of mathematics through the use of

some simple, science experiments. Several units were prepared during the

summer of 1963 and were used on an experimental. basis in a number of class-

rooms during the fbllowing year. On the basis of the results of these trials,

:these units were revised during the summer of 1964.

This text is designed to be usable with any mathematics textbook in

common use. It is not meant to replace the textbook for the course, but to

supplement it, Previous acquaintance with science on the part of the student

is unnecessary. The scientific principles involved are fairly simple and

`v are explained as much as is necessary in the text. Each experiment opens a .

dbor into a new domain in mathematics: measurement, inequalities, the numbei-,

line, relatibns and graphs. We hope that student learning-and understanding,

will be improved through the use of this matei'.al.

The experiments have all been done in actual classroom'situations.-

Every effort has been made to make the directions for the experiments:,as
0
clear and simple as possible. The apparatus has been kept to a minimum.

The writers s cerely hope that this.approach to mathematics will

prove both useful nd interesting to the student.

v.
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Chapter 1

INTRODUCTION TO MEASUREMENT

1.1 Introduction

Science is the stu5ly of things and events in the world arou9d,.us. The

scientist takes, it as his job to find order in what he observes.

Everyone knows that if a ball is thrown upward, it will fall back to

the ground. The harder the ball is thrown, the longer it takes tb return.

If we could throw hard enough, could we make the pall disappear from the

earth fOrever? If so, how fast would it have to go as it left our hand?

These 'questions are very hard, to answer unless, like a scientist, we have

learned something about the orderly behavior of falling objects and about

gravity, the downward pull of the earth. Then, we might answer,the two

s.
questions as follows: .

"Yes, the ball

.

can be made to leave the earth forever, providedis.

its speed is at least
25,000Miles per hour as it leaves our hand.",

Scientific knowledge is very highly organized
knowledge. compared to the

knowledge m5st people have, and it is much more useful in predicting what

may happen in the future. In this book you are going to study some of the

methods that 'a scientist uses to organize his thinking. Some of the methods

will 1 lead you to new concepts of mathematics. You will learn how these ideas

can aid the scientist in explainingrthe world around us.

1.2 Measures and Units

Answering the question "How much?" often leads to better understanding

than answering the question
"Of what sort? ". As you might guess, scientists

find it helpful tb use numbers if they are going to use mathematics to guide

their thought.

Where does the scientist get the numbers he needs? The answers of ,

course, is that he makes measurements. You already know something about

'measurement from having done &lot of it. When you weigh yourself, split a

candy, bar with a friend, work at a track meet, or get directions,you use

measurement. ,You can probably give many other examples of the use of meas-

urement in everyday life- But exactly what is measurement?

1



\
In the first place, measurement is a process for assigning numbers of

units to objects or events. Different kinds of measurement require different

processes. For instance, to 'find the volume of a fish tank we might empty

quart bottle full of water into the tank until the tank is full. If fifteen

bottles of water completely fill the tank, we would say that the volume is

2..2 quarts. The number assigned would be 15 in this case. Such i number is

called a measure of the volume of the tank, and in this case we could call it

the iparemeasure of the volume of the tank.

Another way to find the vlune would b to fill up pint bottles and count

the number needed to fill the tank.) We wo d find that the volume is 30 pints.

In this case the measure (or the pint measure, it you wish to be precise)

is 30.

No matter how we do it, the volume stays the same, although the measures

differ. Another way to say the same thing is this: 15 quarts and 30 pints

are each names for the same volume. In the same way, 5 centuries and 500 years

are names for the same time interval; 30 miles per hour and 44 feet per sec-

ond are names for the same speed.

Notice that a measurement cannot be givan by a number alone. To claim

that the speed of a crawling ant is 200 doedn,t,say anything at all, while

200 millimeters per minute would lake sense. To say that the volume of the

fish tank was 15 leaves us completely in thp dark until extra information is

added.

What information besides the number do we need to deicribe a measurement?

We must know what unit was used. In the case of. the fish tank, we'compared

the volume of the tank with the volume of a-quart bottle. Wecall a cliart

the unit of volume. Thus we describe the measurement"; 21 quarts, completely

1by giving the measure, 15, and the unit, quart.

In general, a measuring unit is some object or event which we pick for
1

purposes of comparison. If we are told that the area of a house 2-
2

1
acres, we mean the measurement is 2-

2
acres. The unit "acre" reminds us that

the measurement was performed by comparing the house lot top piece of land

whose area is 1 acre. Whenever measurements result in very large or very

small numbers, it is usually more convenient to use units which are more

nearly of the same size as the quantity which we to measure. For example,

in measuring the size of a building, we would use feet rather than miles, but

in measuring the distance across the country, we would rather use miles.

2
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To sum up, we can say that scientists are concerned with measurements.

Measurement is the process of comparing an object or event with some unit

which we have chosen. The comparison process needs to be carefully described;

it always gives a number, known as a measure. This number, Or measure, will

depend on the choice,of unit. -

Exercise 1

1. Pick out the measures and the units in each of the following measurements.

That might each measure?

(a) 8 acres

(b) 760 yards

re(c) 27 pounds per sqUare inch

(d) 11 fathoms

2. If a bath tub were filled by emptying a gallon bucket into it 30 times,

. what would bet the voluMe of the 'bath, tub? What is the measure? What is

the unit?

3. The bath tub of Problem 2 is filled by using a quart container rather

than a gallon bucket.

(a) Dies the Volume remain the same?

(b) Is the measurement the same?

(c) What is the measure?

c:1) What is the unit?
CS

fit. Change 'each of the following measurements to an equal measurement having

a .different measure and unit.'

-3 minutes

(b) 2 pounds '

(c) 4 yards,

(d) 9 square feet

1.3 The Process of Measurement

Let us talk about the measurement of length. To give meaning to the idea

Of length we will suppose that length means the same thing as the distance

between two points. We wifl often use either term to mean the same thing.,

suppose that someone asked you for the distan e from Alaska to Texas.
. .

_

This type of question isa very common one, but is t really fair? -Itdoet

ea.



not even make sense, does it? What distance? Between which points? We need
to know more about what the question really means before we,can answer it.

On the other haBd,*people talk about the distance from Alaska to Texas

as though they knew exactly what they were talking about, and they can't all

be wrong all the time. This apparent difficulty can be settled as fbllows:
It is quite true that there are many different distances between points in

Alaska and points in Texas, but for many purposes, all we want is some general

idea of the average distance between all these various points. When we come._
to consider some "ideal" distance (such as an average distance) we can say
that we are making a mathematical model of the physical situation. In this
model a definite meaning is given to the phrase "the distance from Alaska
to Texas".

When we make a mathematical model we think about,a "perfect" object or
event. This way we can give a definite meaning to dimensions. We can make

a mathematical model of the distance from Alaska to Texas by choosing a singler

point near the center of each. We could select the geographical centers or

the population centers depending on what we wished to learn. The distance

between the points we select could be called the distance from Alaska to Texas.

2 As another example let us consider the problem of measuring the width of
your desk. Can you say exactly where,your desk starts and where it finishes?

Isn't it rather ragged and battered over the edges? Isn't it slightly wider

in some places than in other places?

It is beginning to look as though the width of your desk is not, after

all, that simple measurement that we hoped it was. But we must rescue our-

selves quickly from the difficulties we are creating, and we-do this by making

amathematical model of the desk. We now imagine that the desk is perfectly

rectangular, beautifully smooth with absolutely sharp edges; and as soon as,

we imagine this, then we are past our immediate difficulties. There is no

doubt that this ideal model of the desk has a definite width. H6w could we

find the width of this mathematical model? The answer to this will, vary from

desk to desk, and from person to person, and all

possibilities., You could, for example, TS4e two
ao

than you could actually measure, one at each end

say that the distance between these two marks is

we can do is to give you some

very small'marks, much smaller

of the desk, and you could

THE width of the desk.

Alternatively, you could lay two sharp-edged planks along the edges of the

desk, so that the planks'stick up slightly above the desk top. You could

then measure the shortest distance between the inside faces of the planks.

You shoal* be able to think of other.ways yourself of making a mathematical

12



model of your desk and ofindicating the width of the desk.

In the rest of thisbook, we are going to assume that in any physical

situation, all'the measurements we talk about are based on some mathematical

model.

Exercise 2

Hbw would you fir@ the length of your school building?

2. What'4e several ways of timing a 0 -yard race?

3. How could you weigh yourself if no scales were available?

4, How could you compare the areas of two table tops if you had no ruler?

1.4 Measurement of Length:, General

Y

You may thipk it strange to start learning about meaaprement in general

by concentrating on length. But the truth is that length ie one of the most

fundamental of all'physical properties. The idea of length constantly comes

up i :th science and mathematics.

, TO fix thoughts, let us talk about measuring the width of our desk.

We have decided upon a mathematical model of the.desk'so that *e can identify NI.

,the width of the desk with the length'of the line Segment, or the distance,

betimen two tiny marks which we have made on the two sides of the desk, for

example. The problem now is how to state the distance between these two marks.

"Easy!!' you will say: "It's 2 feet 4 'inches," '(or whatever it may ke).'

But theh we can ask: do you mean that the length is exactly 2 feet 4 incheet

Or do you mean that it is somewhere near 2 feet 4'inches?

It is unlikely that you would claim that it is exadtly.gfeet 4 inches,

.
:for the simple reason that you could not prove it. (Remember that "exact"

means exacts Not even a millionth of an inch is allowed for uncertainty
o

either way.)

So what you mean is that it is nearly 2 feet 4 inches. But how near?

Within an inch either way, or a foot, or/a tiarter of an inch? It is only

when questions like this are considered seriously that it becomes necessary

to be much more careful about stating what a measilremaat is.

3
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1.5 Measurement of Length: Ideas of Accuracy

the problerdof measuring a length canncit be
t

separated from the purpose

of the measurement and the use to which it is put. Let us givesome examples.

The distance of the sun from the earth is usually given as 93,000,000

miles. ,But, obviously, ever, our mathematical model of the distance is unlikely

to be precisely ninety-three million miles; it is much more likely to be somet
0; L.

figalle like J3,2-1,412 miles! Frequently we can neglect the 271,412 miles
,,

because it is such a 'small fraction of the entire distance. But it would be

absurd to say that we will not bother about 24,412 zniallf if we were going

to drive from New York to San Franciabo. For this distance, we must measure

moreeccurately and might give it as 3C=5C miles. Cur matnematical model of ,

thp-distance from one particular point of tne Fairmont Hotel, S.?., to one

particular :pint of tr. Empire State Building, N.Y., might be more exactly

3053 miles 426 yards. So when considering driving th'is distance we do not

bother about the 3 miles 4-26 yards.

And So we might argue f-arther by showing t'nat "the 3 miles 1.26 yards"
p

would matter a very great deal if we want to measure the length of the big

field nearby. Measure your height. You would,not give this measurement in

yards; you would want to know feet and inches.

All tr.is can be summa,-ized aslfollows: whenever a length measurement

is made, it iss made for some definite purpose, and this purpose will usually

suggest the most suitable unit of measurement.

" The an4 is r 'ated ?c-t.be biggest length one is prepared to neglect.

,E52anine tne ollowi, table and you will see what we mean by unit:

)r
Measurement A possible unit

ris-Abe from Sun to Earth

Distance from S.F. to N.Y.

Length of a field

Length of a table

YoUrheiiht

A million miles

10 miles

1 yard

1 inch
1

inch

"lb

TAs table indicates that we may be satisfied if we know the number of yards

in the length of the field. For most purposes'we do hot want to know the

number of inches from tne sun to the earth, or the number of yards from gan

Francisco to New Aik. Our choibe of a unit or any measurement is related

to the accuracy we require or the error we ar t:Irilling to accept. When we

6
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say that the unit for the

prepared to take 73 yards

accurate length may be 73

73 yards as the length is

way of arriving at a unit

acceptable error it.

length of the field is 1 yard, we mean that we are 4

as a description of its length even though the

yards 1 foot. even though the error in taking

1 foot, we are prepared to igneie it. Thus another

for a.measurement is to consider what the maximum

Exercise 2

1. Suggest suitable units for the following

(a) the altitude of an airplane;

(b) the length of a car;

(c) tre depth of tr.e ocean;

(d) the width of a window frame;

(e) the width of a door frame;

(f) the neight f a truck.

?... What of measure would be
.

window for drapery rods?

3.

measurements.

acceptable when measuring the Nri.;;Kil of a

What unit of measure would be acceptable when meaiar the'llidth of a

window glass?
tt

Whtit statement concerning choice of unit's of measurement i demonstrated

by your answers to 'the qUestionla above?

n.

1.6 Addition of Lengths

A

In the previous section we saw that we can often use a rather inexact

estimate of a length without knowing its Precise measurement. In fact, all

practical measuring processes,only give, estimates of a measurement. Some

estimates are betten than others, but we caninever make an exact measurement.

To know h6.11 pn estimate and a measurement are related we need to understand

two new leas, namely, the addition of lengths and the differenCe between

lengths:, In this section we will discuss addition of lengths.

31rstof all, we must poini out that although you already know a lot

about the addition of numbers, the addition of lengths is a new idea and

cannot be understood from mathematical ideas alone. You will later come'to

the ideas of addition of volumes, of maleed, Of times, each of which must be

'expliined somewhat differently.

V;



To be definite, think of two straight sticks as shown in Figure 1, one

having lengt4,17 and the second having length V.

, Length U

Figure

Since neither U nor V are n,Lmbers, (they can': be -- measurements are never

just numbers) the symbol - V does not nave a definite meaning yet. We

tdefine :he sum - V to ce toe _eagtr of a new stick man.ffact'.1red from

stick 1 and stick 2 by laying them end-_c -end in a straight line.witn no

overlap, as show below in Figure 2.

Length U . Lengtn V
A

IsAc Stick 2-

Length Y - V

--re 2

Notice that U and V here ire single symbols which are used to represent

the complete'measuren; prectiCe, ':"a,nd V'would be given as numbers

together with units. That is, we might have

U = 1'7 inches

= 24 inches

In this case wg would nave

e

0

- V = -1 inches. ,

The result is obtainpd by adding tne two numbers together and using the unit

common to both,measure . Notice that this can be done only when both

measurements are given in the same units. ,

The sum of tht two lengthebis defined as above no matter what units

might be used in expressing the measurements. Beat is, if

U = 17 inches

V = 2 feet

16 8
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then we Stillhave

U .,- V . 41 fnchio.
1

i

.
1

I later'sections we will say'more about the actual computations. In

this' section we are more interested in the physical idea. The sum of two

ldngths U + V is the length of a new stick as shown in Figure.2.

Suppose that both of tne lengths U and V arethe same., Then t.he sum

U - V would be the lengtr of the combination of two identical sticks, each

1"

of length U, as shown in Fig.1A- 3.
4-

Leng1:1- U

Fig.ure 3

U

A godt name, atd somewhat shorter, for U U would be 2U. If U is a

symbbl standing fora measurement such as 17 inches, then 2U is a'symbol

standing for a measurement twice as long, 34 inches in this case. However,

we can look at the symbol 2U in another way.' We can think of 2U as meaning
a . .

the measurement whose measure is 2 and whose unit is a stick of length U.

In this case, the symbol U behaves like a unit. AlthOugh U is actually a

measurement, we can use it as a unit without difficulty. From this point

of view, when we write 2U, we mean the measurement whose U measure is 2.

If n is any counting number, we can now gide meaning to the symbol

nU. Namely,

nU =U + U +U.

n terms

Then, nU is the length .of the stick formed by combining n sticks (in the

proper way, of course, as shown in Figure 4 each with length U.

Length U

0

= rAticks
Figure 4

9,1

Length nU



S

The longer stick in the diagram evidently has a length of nU. The U measure

of the length is n. You - should keep clearly in mind that the symbol nU only

has meanIngleo far) when, U'is a length and n is a counting number (1, 2,3,
5

* -Symbols such as -U or 0:123U are explained later, since they are more dif-

ficult.

Exercise 4

1. What is the total length in the following figures?

(a) I A l A 'I'A 1 A 1

(b

,(c)

2. WI*. is the pgiTr4er of eachtof the following figures?

(a) L
(b)

L

L

C

1.7 Unequal Numberp,

We have seen that a given measurement may be described in different

ways,which depend on the unite chosen. In- Section 1.2 we stated that 15

quarts and 30 pints are both names for the same measurement. ..Thereforei

15 quarts = 30 pints.

%

- Here we use the "=" sign exactly as it is used in mathematics, to declgre

that the name on the left and the name onthe right are names for the same

thing.
ti

Now let us describe the Tossitlt relationships between lengths that are

not equal. 3 yards and 8 feet, you will surely agree, are not equal lengths.

Is there a simple way of describinghow,they are related?

' (d)

B

C

Recalling some properties of numbers may give us an idea.

10
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When two numbers are compared as to size, there are three possible re,

sults. The numbers may be equal, or the first may be greater than the second,

Or the first may be less than the second. These relations between the num-

1;ers can be expressed very conveniently by the use of.the following symbols:

for example .

Read

is equal to

is greatef than

is less an

3 rl-q
is read as "three is equal to three"

1603'3 is read as "sixteen is greater than three"

3 < 10 is read as "three is lesMihan ten".

notice that the point of the "<" or ">" symbol-is always nearer the smaller

number and the open end is nealcer the larger number.

The two symbols ">", "<" are called inequality symbols. Notice that

%-
16 > 3

-says exactly the same thing as

3 <16

so that if we don't like one form, w4 can use the other.

Exercise

1. Use one of the symbols, "<", °=", ">", to make a true statement for

each of the following pairs of numbers.
*

(a) 5,6 . .,---'
(f) 2,7

(b) 5,10 E
(g) 9,4 `(, (

(c) .16,16
k (h) 1 2.25

(d) 3:8
(i)53 k+.3

(e) 19,11 (j) 7,a

1.8 More on IneqUalijeg

We say that 2 <7 and 5 < 6 are inequalities in
the same sense; so are

4 > i and 16 > 10. But 1 < 3 and.4,> 2 are
inequalities in'the opposite

sense.' So aref26 > 16 and 11 < 14. "Same sense" suggeett that both symbols

point in the same direcii6n; :opposite sense"
suggests they point in opposite



directions."

Two inequalities in the same gense may "overlap" if the larger number of

one is the smaller humber of the otber. For instance,3 < 10 and 10 < 16 are

oyerlapping inequalities in the sate sense. The same information can be

...written more briefly as 3 < 10 < 16, which is read "3 is less than lOhnd

10 is less than 16": In general, for three numbers a, b and c, the statement

'a' < b < c

a < b'and b < c.

means

; e
In mathematics,a two-part statement using the conjunction

"and" is. true only wheeboth parts of the statement are true.

. The statement EP> b > c leans a > b andb > c.. Thus 9 > 4 >.1 is,a true

statement because°9 > 4 and 4 > 1, are both true'.
0

Notice that we must have inequalities in the same sense before we can

combine them in this war. Mathematicians dp not, use such symbols as

a < b > c ora > b <..c. In a< b > c, we know that b is greater than a

and b is greater than c, but we do not know how a and c compare. Can you

state in words a > b <.c?

If a and b are two...numbers

greater than b, we can say with

remaining possibilities is true.

about which
/
we now only that a is not_

confidence that at ,east one of the two

Thatp'ls, either a < b o la= b.

It is useful to b aZle to combine the two parts of the Statement .
.

. .

"a '< b or a = b" into a ngle symbolic statement: a < b. The statement

a < b means a < b or a.= b\ The line under the inequality symbol is supposed

to suggest an equality symb o to us. We refit "a < b" as "a is less than or

equal to b". 2 < 3 is true%cause the second of the stEitements42 = 3, 2 < 3
,

is true.

5

Similarly, 5 < 5 is true since the first of the statements 5 = 5, 5 < 5

is true.

The statement 10 < 4 is false, because neither of the statements 10 =

or 10 < 4 is true.

To summarize, if a end b are numbers, >

"a < b" means "either a = b or a < b".

yr

12
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Now we can invent a-most helpful term of inequality that will be used

over ,,and over in describing how accurate eh' estimate of a length 'may be.

If a, b, and c are numbers, and

a <b < c,

we mean that a < b and b < c.

Thus-5 < 7 < 9 is' true because 5 < 7 and. 7 < 9
5 < 5 < 9 is true because 5 < 5 and 5 < 9.

5 < 9 < 9 is false because 9 < 9 is false.

5 < 4 <9 is false because 5 < 4 is false.

5 < 10 < 9 is false because 10 < 9 is false.

Exercise, 6

1. Rewrite each pair of inequalities below sz that they *are in the same

sense. Write them as overlapping inequalities whenever possible.

(a) 3 < 4, 5 > 3
(b) 7 > 5,, 7 <l3
(9,) 16 < 21,,21 > 19

(d) a < b, c >b

(e) 31 > 25, 21 < 30

a < c, d > a

m > n, m < 1

p < q, q > t

16 > 7, 4 K

d > e, f <c

tt

2. What can-te said of two numbers, a and b, if we knew that a < b and

also a > hi Explain your reasoning carefully.

3. Complete the following table by indicating,3 the ,proper space whether

each part is_true or false and whether the compound statement is true

or false. (Review the bbxed definitions of the conjunctions "and" and

er" as used' in mathematics.)

&amp

Statement A Conjunctien Statement 13 , A
- coound

statmpement

le:

(a)

(b)

(d)

(e)

5 < 3
5 <3

17 > 32

i < .72

17*> -

and

or

and

or

Or

and

4< 5

4 < 5

1->6.-------(10
) >, (6-1)

2 '

.72 < i ..

1i > 1.8

----.

.

T F

. .

<,

13 21



t.
4. Cothplete the following table by separating the compound statements into two 4

'parts. Tell whether each paqt is true or false, determinv the copjdnctiom

welcb,is indicated, and tell whether the compound,Jatement is true or fad se.
o .

Statement A , Conj. StatementB A B

.

compound

statement

Example: 3 < 4 <

Et) 5 > g

(b) 3 > 2 > 4

(c) 6 < 6

(d) 2i > 2.375

13 3 40
i 22 51

0

5 . 3 <4

.

and

1.

4 < 5

,

,T

4

,

T T

,

.

.

5. Answer true or false for each of the following.

(a)

(b)

(c)

(d4'

5

5

5

5

<

<

<

<

5

5

5

5

<

<

<

<

6

6

6

6

ittr.

r

1.9 Unequal Lengths . -

o
So far we have discussed only unequal numbers. Nothing has been said

"Afsbout_unequal 'lengths.. When can we say that one length is greater than

another length? We must caution you at the outset that length inequality

is not the same idea as number inequality and that what you know about num-

ber inequality 11 itself can only suggest what is true of unequal lengths.

We agreed that a length of 3 yards and a length of 8 feet were not
; .

equal. Does that mean that 8 feet is a greater length than 3 yards because

8 > 3? Clearly not. Measure inequality (that is, number inequality)...by

itself tells us nothing about length inequality.

We need a different approach.

If

,1 foot"

and the

urement

a length Of 1 foot

is the length of a

other 1 foot long.
a

which we recognize

is added to 8 feet we get 3 yards. "8 feet +

::ictkhews:smteruacst:dy::::.

The length of the comb

ks, one 8 feet long

feet, a meas-

It'is just as clear that there is no length that can be added to 3 yards

that will give 8feet.'

Therefore we area inclined to say that 3 yards is, greater than 8 feet

rather than the other way around,

' In, general, a length U is greater than a length V when U = V + T for

14
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some length T. The symbolic statement U > V is read "U is greater than V".

When there may be doubt about whether length inequality or number inequality

is meant-, we could be cautious and write (length)U > (length)V to remind our-

selves that length inequality is intended. Gener4lly the statement U > V 4

will be sufficient. v

Lot us sum up all the possibilities. Whenever U and V areony two

lengths one, and Only one, of.the following statements is true:

= V, U > V, or V > U.

To say V . U merely means U > V, just as with numbers.

Exercise 7

1. For, lengths U, V, and W, write in words the following statements.

(a) U < V < W

(b) U < V.
-

(q) < V <1!i
.

2. Determine whichjikatements below are true and which are false. Give

reasons in each case,

(a) 3 feet > 39 inches

(b) 42 inches < 32 < 11 yards
2 3

(c) 40 inches > 2 feet > 1 yard

1.10 NO.asurement: A Classroom Experiment

Each member of your class should bring a si.itk to school to use as the

unit for measuring thivlength, or'width, of the classroom. You could pretend

that you are measuring it for a carpet, so that you will then have an idea of

what standard of measurementis suitable. This will determine, roughly, the

length of the stick you will bring.

11/4k 1
Question 1. Will your stick be about (a) -k inch, (b) lfoot, or (c)

2 yards long?

During the lesson each one of you should measure the length of the room,

us your stick as your chosen unit of measure. As you will have only one

stick unit and not a whole lot of exactly equal ones, you will mark the lengths

off one by one, using a pencil or light chalk mark. on the floor or wall to

indicate where the stick ends before shifting it You will find that a cer-

tain largest number of stick-lengths can be placed end-to-end across the room.

`i



Suppose, for example, that 34 .stick lengths can be placed across the room,

abut that there isn't room for a 35th stick. Then you would know that the

measure, d, of the room (in stick units) could be stated by the inequality

34 < d < 35.

. Each one of ,you, therefore, will arrive at an inequality. We suggest

that your teacher then make a taae, like this one, on the, blackboard. '

.

Member of claSs InedualitY'for measure

Anna 34 <d < 35

Bob' 12 < d < 13

Carla 30 <d < 31

Don 29 <d <31

Ethel 39 < d <40

Frank 62 < d < 63

and so on

YOu will be able to disaits the results you get in a number of ways. ''The

following qUestions (which" refer to our table printed above) will give you

some clues as towhat donclusions can be drawn:

Question 2: Who has failed to perfo tbe measurement according to the

instructions?

Question 1: ( Who used (a) the stick,

., . (b) 'the esVisticki
N.p

IrstiOn 4:. Whose sticks were closest to each other it length?

Question 2: Would you choose one of these measurements as the best, or the

most convenient, or the most reliable measure? -If so, which?

And why?

Question 6: In whet circumatariCes would all the inequalities be the same?

Question 7: If everyone had used a brand-new piece of chalk for 4iis or her

measure unit, should all the inequalities have come out the

same? a

Quebtion 8: If pieces of chalk wee the only measuring unit available,

would it be possible to go and buy the right size of carpet in

the local market?

Question 9: What advent--

4
es, it any, would arise from using sticks exactly

1 foot loa rather than pieces,of chalk?

16 .
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1.11 Standard Units 0.

You will have realized from the preceding experiment for measuring the

classroom length that it would be extremely awkward in practice if each indi-

vidual usn his own individual measure stick. Many of the squabbles between

primitive. peoples in olden times must have been due to different people using

different measure sticks for the length of, say, a field: the manyho was

selling the field would say it was 55 paces long Enid the man buying it would

say it was 49 paces long. Both might be right because each was using the

length of his pace as his knit and these were of different lengths.

Thus, the practical necessity, and it is no more than practical, arises

for units of,measure which are common to everyone. The standard units of

length (as they are called are the meter and the foot. These units are the

ones agreed upon by the leading governments Of the world. Can you see why

there is need for standard units of measure in order to share the scientific

knowledge of the world?
6

The foot is the traditional British standard unit of length which is

widely used in English-speaking countries. You will probably already know

how it is related to otheg, common British measures: inch, yard and miles

The meter is the unit in everyday use in the Continental EUropean coun-

tries, and is also very widely used by most scientists all over the world.

Among, other measures related to the meter are: milld meter, centimeter pnd

kilometer.

We shall discuss these various measures.in the next chapter.

1.12 Length Measurement

Let us Sonsider In object whose length is represented by the letter L.

To find a measure of the length L we must first choose ®a suitable-rat of

length for comparison;, 41et us call the unit U. Then the measure of L in

terms of the unit U will be some number d. We now describe a'counting pro-

cedure that will give us an estimate of d.

)14(shall assume that we have available a large number of sticks, each

with length U. Next, as is illustrated in Figure 5, the sticks are arranged

end -to -end along the line segment which defines the length of the object-,

starting at one end.,

17



Figure 5. Measurement with unit sticks

We count the greatest.number of sticks which can be arranged as in Figure 5 '

without ever overlapping the other d and we call this number n. In Figurt .

5, n = 8. Now,, it seems plausible that we must choose d between the numbers,
f4 ,

n and'n+1, that is, we must have

n < d < n+1. (1)

The sign < indicates that d could actually be equal to n'if the end of .the'

objl(ct coincided with the end of a stick.
. .

Let us use.the symbol nU to represent the length of n sticksnlaced end -

to-end. Thus in the figUre the length of the obje*is larger than BU and

shorter than 9U.' In general!, we can write ,o

"nU < L < (n+1)Ui (1A)

If this inequality is compared with (1), it ',seems reasonable to require that

the 'measure d shouldbe so chosen that L = dU, because then we shall have

nU < dU < (n +l)U. 0

Notice ftat the length measure d has not been exactly determined. What

is more, because there is no practical way oftmaking abaolately certain that

the ends of two objects are precisely lined up, no measurement can be made

exactly. There will always be Un uncertainty, and this uncertainty may lead

to an inequality such as that in (1).

J.

1

1.13 A Property of Order: The Transitive Property

In Section 1.8 we explained what was meant by inequalities "in the same

sense", both for numbers and for lengths. We also Fointed, out that if two

such inequalities 'overlap" (the larger element of one inequality being the

smaller element of the other), they can be expressed as an overlapping in-

equality. For example, if 6 < 7'and 7 < 30, we can write 6 < 7 < 30.

18



Now we ask, what can be said about the numbers that are not mentioned

twice, such as 6 ana 30? Can we tell that 6 < 30? Certainly. How? By

direct comparison.
0

Let's try again. What can we. tell about numbers a and'c if all we know

about, them is that a < b and b < c for some number b? This is a harder ques-

tion, because we cannot compare a and c directly. But our long experience

with numbers still makes us believe that a < c.

Let us state our belief again, briefly.

For numberp a, b' and c,

if a < b and b < c, then a < c.

This is in fact a property of our number system.

This property of numbers is so important that we will find ourselves

referring to it again and again. It will be convenient to give it a 'special

name. The statement in tne above box is called the transitive property of

number inequality. We can state the transitive property in words.

If the first of three numbers is less__
than the second, and,the second is

less than,the third, then the first

is less than the third.

Now you may not believe the statement in)the box. If so, you should

pause asbit to try to think up three numbers such that the first is,less than

the second and the second is less than the third, but the first is greater

than or equal to the third. Like all the properties of our number system, the
r

transitive property can be used over and overv`F.95 instance, if a < c and

c < d and d < b, can we say, anything about a a*b? Certainly. Since a < c

and c < d, we knoW that a.< cylbis new fact, a < ,together with d < b, f

tells us that a < b, if we-use the transitive prop rty once again.

Measurements, we have insisted all along, are not numbers. Do you sup-

pose that there is also a transitive property, of length inequality? 'Do you

believe that if the first of any three lengths is less than the second and

the second is less than the third, then the first must be less than the third?

Or, to put it more briefly in symbols, do you believe the following statement?
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if U < V and V < W,_ then U < W.

A.

If you are not yet ready,T,Flelieve it, there are two courses open to

you. First, you could try to find three lengths for which tne transitive

property fails. If after many trials you are unable to find three such

lengths, you may begin to suspect that your task is impossible, or, to put

it another way, that length inequality is transitive.

A second way to convince yourself that length inequality is transitive

is to ask whether it must be true because of the meAning we have given to tne

statement (length)U > (length)V. In Section 1.9'we learned that

(length)U > (length)V means there is a length T such that U = V + T.

hat is, two lengths are unequal when some length added to the smaller gives

th-e larger.

.

Now let us suppose that U > V and V >,:W. To show that the inequality

U > W must be true we must find a length which added to W will give U. Then

our job will be done.

Here goes.

Since U> V then U= (6) fbr some length T.

Since V > W then ep= W S for some length S.

Since V and W + S are different names for the same length, we can re-

place V by W + S whenever we wish, so

U =W+S+ T
or better U = W + (S + T),

This says that by adding a length S + T to the length W we get length

U. That means that W is the shorter length, or

(length)U > (length)W,

as we vished,toshow.

Exercise 8

1% State the transitive property of number inequality using "greater than".

2. Is there-a transitive property for equality? If so, state it.

20
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a,

3 Test;the following phrases for transitivity.

EXimple:

A 1118 the father of

If A is the father of B, and B is the father of C, it does not

'follow that A is the father of C. Therefore

not have the transitive, property.

(a) "is older than"

(i) "lives within 200 miles of"

(c) "has the same mother as"

(d)' "is taller than" -

(e) "lives next door to"

"is the father orldoes

4. a, b, c and d are numbers. State an inequality between a and d

5

(whenever passible) in each of the following cases.

(a) b < a, c <b, b > d;

(b) d > b, b < c, b > a;

(c) d < c,,a > c, b > a, d < b;

(d) c > b, a > b, b 5 45

(e) a <c, b < c, d > b.

In the four exercises below all letters refer to numbers.

(a) If p < q and q < r, does it follow that r > p? Why?'

(b) If m > p and.p > n, does it follow that m > n? Why?

(c) If d > f and d > g, does it follow that f > g? Why?

(d) If h < k and j < h, does it follow that k > j? Why?

1.14 Another Property of Order: The Addition Property
__,___ -

Our concluding section describes a new property of inequalities in the

same sense. We start off as-usual with number inequalities.

We can all agree that 5 < 8. Is it true that g +1 < 8 + 1? That

5 + 11 < 8 + 11? That 5 + 126 < 8 + 126? Checking each inequalityompar-

ately we see that 6 < 9, 16 < 19, and lg1 < 134 areal]. true statements so

the answer is "Yes" in each case. ,Does it seem to matter which number we

choose to add to both sides.?

Let us .try to BUM up what we are beginning to suspect. Let vs use a,

b and b for the names of numbers.

If a < b, then '.fa + c < b +

21
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This is indeed ayroperty,of oar c,,mber system, the addition property of

number inequalities.
/31

If equal numbers are added to botn numbers of an inequality

tne sums are anedual in tne same sense.

Knowing this you snoi-ld be able to .prove tne following statement.

If a < b, tnen a c <b c.

Now for sometning a little more ambitious. We start witn two number

inequalities in the same sense: 7 > - and 21 > 1: :s tne sum of.thetwo

..urger n-Mcers greater tnan tne s... o. tre two smaller n-mbers: Is it true

that > - 1: SInce "17: > is a true statement, we can say yes.

:c you.tnink teat -ut will always work o.: 1-_ke _.mss: More precisely,

i f all yo, know about fo-r n- hers a , : , o and d is tnat a > b and c > d,

would yo feel very sare :rat

a - c > b a?

Here is a good way to answer tnis q-estio. We use what we _crow about

adding equal numbers to both numbers of an inequality.

Since e > 12,

Since c > d,

c added to both numbers

b added to 'corn numbers

:n'tne box we see two overlapping ineq,alities in the same sense. There-

fore we can use tne transitive property of namber inequality -Legb.t

a - c >c - d.

Let's s-m up our,f_ndings.

S
For any four rnmbers a, b, c and d,

if a > b and c-> d, tnen

a c > b,- d.

The statement in tre box can be summed ap in words as follows:

The sum of two inequalities navIn.t tne same sense is a new inequality

having same sense..

It is particularly easy to use is addition property when the inequali-
..

ties are arranged one on top of tne other as shown below:

a > b

C > d

a -c > b-d
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Here the two given inequalities appear above the line, and the resulting in-

equality appears below:the line. The sums below the line are formed from the

numbers directly abQve them.

Arranging our work in this way makes it easier to work with a pair of

overlapping inequalities in the same sense. Suppose that a and b are num-

, bers,for which 5 > a > 3 and 13 > b > 7. What can we say about the sum of

a and b? How big can it be? How small can it be? The answer comes quickly

when we rearrange the inequalities as follows:

5> a >3
13> b >7

13 > a - b > 3 + 7

or 18 > a *b >10

This shows us that the sum of a and b must be less than 18 and greater than

10.

So far in this section we have spoken only of number inequalities. Sim-

ilar statements can be made about length inequalities. Each of them can be .

proven true by using the meaning of the statement (length)U > (length)V.

We list them here for your use without proving them.

Suppose U, V, S aid T are any lengths.

If U > V, then U + S > V + S. 6

If U > V, and S > Tr then U + S > V + T.

Exercise 9

1. Given the four numbers, R, S, T, U where R > S and T > U. Prove that

R + T > S + U.

'.Suggestions add T to both numbers of R > S and add S to both

--- :lumbers of T > br. Nov apply the transitive property

to the two new, statements.

2. What can be said about the sum of the numbers x and y in the following?

(a) 2.2 < x < 2.5' and 4.1 < y < 4.5

(b) 3 > y > 1 and 16 < x < 18

(c) 11 < y and > 9
1

CO 7 <ty and x < 7

t)
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Suppose that a, b, c and d are numbers.

(a) If a < b and c < d, how do the sums a + c and b + d compare?

(0) < b and c < d, how do the sums a + c and b + d compare?

1;15 Summary

Measurement is the piocess of comparing some object or event with some

unit which.we have chosen. This comparison process always gives a number,-

known as a measure., Thii number, or measure, will depend on the choice of

unit. In making measurements we make a mathematicill model of some physical

situation. When we make a mathematical model we think about a "perfect" .

object or event. This way we-can give a definite meaning to dimensions.

Whenever a length measurement is made it is-made for some definite pur-

pose. This purpose will,usually suggesI' the unit of measurement we should

choose, Our choice of a unit fOr,any measurement depends on the accuracy we

require or the error we are willing to ignore. The needs of people to share

ideas have resulted in the selection of standard units of measure.

When numbers are compared as to size, there are thre possible results.

The numbers may be equal, the first may be greater than e second, or the

first may be legs than the second. The sense Of a state nt of inequality

indicates whether the first number is greater than the second or the se:ond

number is greater than the first.

*
Two important properties of orderare the,transitive property and the

addition property. The transitive property shows how we cat compare the

extreme ends of an overlapping inequality. 'The addition property lets us

add the same number or measurement to both sides of an inequality.

e;2401.) t.

%or
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4-4 Chapter 2

LENGTH AND THE NUMBER LINE

2.1 Using Related Units in Measuring

Let us consider a definite problem, namely, the measurement of the

length of our desk. Remember that first we have to make a mathematical

model of the desk bectusi in fact it is chipped and rough and crooked.

Having made this mode0 we now have two definite points to measure be-

tween. i

Next we have to choose a unit of measure. Normally we would pick one

of the standard units. However, we may wish to compare the length of this

desk, as accurately as we can, with that of some other desk of the same

type., Are the desks the same length or do they differ in length? To get

agood comparison we chooses quite small unit of measurement such as thel

millimeter. This is a small-unit of length about as long as the distance

between these two lines LI

Suppose your desk is roughly 1200 millimeters long. Let us assume, for

the sake of the argument, that your measure of length is 1253 millimeters.

Remember that this result could have been obtained just by counting milli-

meter sticks laid end to end; one thousand, two hundred fifty three of them!

In practice,.what we would have done is illustrated in Figure 3 of Chapter 1.

Instead 31':

1

We first take one meter 41nd magnify what is left,

Length of desk

1253 separate millimeter units

1 1 meter = 1000 millimeters

JIM

-51.11111,

magnify

decimeter -1 l,decimeter

then we take tWo decimeters and

again magnify what

is left. 1 centi- 1 cm 1 can 1 cm 1 cm III
meter

3.mm

The next smaller unit is the centimeter. le noteYthat there

are 5 centimeters with 3 odd millimeters left at the end.

Figure 1. 'Measurement of a Desk

25
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Finally, we can write for the millimeter measure of the desk, d,

1253 < d < 1254.

We have actually obtained. the numbers 1253 and 1254 by taking batches of

decimal groupings. The 1253 has really been constructed as

1(1000)`+ 2(100) + 5(10) + 3(;).

The measure numbers 1000, 100 and 10 which occur in this statement are

called compound measures: they are not the basic measure but are certain

carefully chosen multiples of the basic measure. In fact, each is ten times

the succeeding one. For this reason, such a system of counting iscalled.

the DECIMAL SYSTEM.

Measurement, as .4ie have seen, involves considerations over and above
;

those of counting. However, throughout the measuring problem, it is more _
. -

convenient to use a system which is based on the decimal system in order to

simplify the counting that must be done. This is provided by the METRIC

SYSTEM of measures.

2.2 The Unmarked Stick Experiment

To help us understand the ideas of measurement and the need for sub-

division of the unit of measurement, we shall perform an experiment.

Bring an unmarked straight stick about 15 inches long to school. Sup-

pose you use this stick as your unit of length U. With this stick, measure

the height of the door of the classroom, the length of one of your books and

the width of a room. On a sheet of paper in your notebook make a table sim-

ilar to the one in iliure 2. Record the results'of.the measures you have

made in the foly)f inequalities. Your tpble'might look like this, but the

numbers you assign as measures will probably be different.

4

Table I: Measurement in Units

4 < height of door < 5, nearer to 5

0 < length of book < 1, nearer to 1

15 < width of room < 16, nearer to 15

Figure 2

'The estimates given in your table are probably nat good enough for most
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purposes. o make better estimates of these lengths, you may consider divid-

ingthe sti k into equal parts, for example, into tenths of a unit so that

pi could make statements such as

4.8 U < height of.door < 4.9 U.

Let us see how we could divide our stick into ten equal parts. Take

two sheets of ruled notebook paper. Check that the lines on these sheets

are equally spaced by moving one sheet along the other as illustrated in

Figure 3.

Figure 3. Test for Equally-Spaced Lines

4

-Tape two sheets together *so that some of the lines on the top-of the

second sheet are aligned with: tome of the lines on the bettom of the first

sheet. See Figure 4.

3

4

5

6

7

8

9

10

Figure 4. Subdividing the Stick

Number the topmost line 0, skip the next two lines and number the third

line 1. Skip the two following lines and number the next line 2 and so on

27
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until you reach number 10. Place one end of the stick as nearly as possible
e.

on the line which was-numberei_Q,_and_adZust_tbe stick diagonally across the

sheets of paper at-ih i*hre 4, to at the other end lines up with the line

marked-117:"TfFihe stick overlaps both sheets, you may have to shift your

second sheet down and retape. Mark, with the numbers 1 to 9 inclusive, the

points where your numbered lines meet the stick.

Use this marked stick to measure the same lengths as iu Table I. This

time you will allow the stick to extend beyond the edge of the desk on the ,

last act of measuring and count the number of divisions of the stick which

gio not extend beyond the edge of the'desk. (See Figure 5.) The entries

should be on the form: 4.8 < height of door < 4.9, nearest 4.9, and so on.

Record your data and label it "Table II".

Figure 5. Measuring with Marked Stick

To find a still more accurate estimate of the lengths we are measuring,v

we must use a finer division of the stic . Repeat the method originally used

to divide the stick, but, use paper with es much closer together. ,Choose a

piece of graph paper such as that shown in Figure 6. Number -a horizontal

line on it as the 0 line, and number the successive horizontal lined from 1

to 10 inclusive.
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Figure 6. Dividing into Hundredths
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Place one end of the stick on the linPnumbered 0 and adjust the stick

so that the line numbered 10 on the graph meets the stick at the first mark

(numbered 1) you made before. Now mark (do not number) th.e stick at each

point Where the stick crosses a numbered line on your graph. To divide the

next interval on your stick, slide the stick up the paper until the *first

mark numbered 1 is on the line of the paper numbered 0. Adjust the stick

so that the mark numbered 2 is on the line numbered 10 on your graph paper.

Again, mark the stick at each point where the stick crosses a numbered line

of your graph., Repeat this procedure for each of the original divisions on

your stick. It will now be divided into one hundred equal intervals of

length..
.

RNeat the experiment of measuring the door, the book, the room, and

record your data in Table III in the same form as before.

A"
Exercise 1 a

1. Explain why moving the sheets along each otheer as indicated in Figure 3

shows that the lines are equally spaced.

2. How do you know that your procedure for dividing the stick into ten

pests of equal length really works? Devise-a method to divide the

stick into seven equal parts.

3. If you are Measuring your desk with a meter stick marked in drvisions-

down to millimeters, how many decimal places will you be able .to give

in the measure inequality'if the measure is based on units of

(a) Meters?

.(b) Centimeters?

(c) Kilometers?

4. Measure the length of your neighbor's stick with your stick, and find

its measure to the nearest hundredth of your unit. Use this number to

convert his data in Table I to measures in terms of your unit. Do the

results you,find this way agree with your measurVments noted in Table I?

If the agreement is. unsatisfactory, cep you give some explanation for

the disagreement?

5. Convert Your neighbor's data in Table,III to measure in terms of your

unit. Do these results agree with your measurements(noted in Table III?

Is the agreement between your results and your neighbor's results better

or worse now than in Problem 4?
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e'.3 The Metric System of Length

. .

Consider the desk of Figure 1 in Section 2.1 which we assumed was 1253

millimeters long. Its millimeter measure, d, satisfied the inequality

A

1253 millimeters < d < 1254 millim ers.

Another way of expressing this inequality could

1253 < dm < 1254

where the m, called a subscript, tells us that the unit of measure used here

is the millimeter. The expression dm is read "d sub m".

Suppose we were asked to find the length of the desk measured in denti-

meter units. We'try to answer this by using the same method used in the

previous sections and counting the number of centimeter sticks which do not

overlap the desk. If we call do the centimeter measure of the desk, we wou ±d

find that 125 < do < 126. ,In a similar way, if we count using decimeter

sticks, we would find that the decimeter measure d
d
satisfies 12 < d

d
< 13

We now have three different inequalities for the measure of the same,

length:

1253 < dm < 1254 (1)

125 < do < 125 (2)

12 < d
d

4 13 (3)

It is obvious that these three inequalities tell us successively less and

less about' the length of-the desk. For eXample, the last inequality states

only that the length of the desk is between°12'and 13 decimeters, whereas

'the first inequality indicates a closer estimate, namely, that the length

of the desk is between 1253 and 1254 millimeters.

Is there some way to show that each of these is an accurate measure for

the length Of the desk? Yes, since we realize that in each_case we are

measuring the same length.
.

Now we know that the metric system is a decimal system. We have al-

ready indicated that when the basic unit of one meter is divided into,ten

equal,parts, each part is called a decimeter. In mathematics, we mould say,

1 meter = 10 decimeters. (4)

Another way to say exactly the same thing is
4

1
1 decimeter = meter.

10 (5)



Carrying the same idea further, we can divide the - decimeter into ten equal

parts and say

1 decimeter = 10 centimeters. (6)

Similarly, we can say

1 centimeter = 10 millimeters. (7)

To express the length of the desk in centimeters instead of millimeters

we note that

1
1 millimeter = la centimeter (8)

is, another way of saying exactly the same thing as statement (7).

Since the length of the desk was 1253 millimeters, we find by using (8) that

1253 millimeters = 1253(1- centimeter)

L..
10

= 1253 x centimeters

= 125.3 centimeters

In a similar way, we could find the decimeter measure and the-meter

measure of the desk. We begin with the fundamental relation between the

units, namely, that

1 meter = 10 decimeters = 100 centimeters = 1000 millimeters.

We arrange it so that

1 millimeter = ,+.0. centimeter = 160 decimeter - 210 meter.

Then thg length of the desk is

1253 mm = 125.3 am = 12.53 dm = 1.253 m.'

Notice that the foutmeasures of the desk are related to each other:

One measure can be obtained from the other by multiplying or dividing by

same multiple of ten. Thus, the magnitude of"these numbers differ only in

the position of the decimal point in each. So 1253 millimeters (remember a

decimal point Is to be understood after the final digit) is equal to 1254

centimeters, to 12.53.decimeters, and to 1.253 meters. This simple rela-*

)tion.between the measures in terms,,of the different units is the reason wfiy

the metric system is so convenient,to use.

This pro atOlinging from one basic unit of measure to another with -

out actually going through the process of measuring with the new unit is

called "conversion of units". As you will notice in the examples, the gx-

preselOn:253 millimeters could be thought of as 1253 millimeter units or,
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more simply,

1253 (1 millimeter).

The conversion to centimeters can be brought about by referring,to (8) and
1

replacing the (1- millimeter) with its equivalent, (7 centimeter). Simil-

arly, to convert to meters we would write .0

1253 (1 millimeter) = 1253(15075 Meter)

so that we now have

1253 millimeter = igg meters = 1.253 meters.

Let us try two more examples of this change of units. Suppose a length

is 234 meters. What is its measure in decimeters, in centimeters and in '

meters? We have

23.7 meters = 23.7(10 decimeters) = 237 decimeters;

23.7 meters = 23.7(100.centimeters) = 2370 centimeter,,' °

23.7, meters = 23.7(10100 millimeters) = 23100 mil],iieters.

Notice that the different measures 23.7, 237, 2370 and-23700 ire obtained,

from each other by multiplying by some multiple of tan" in ordei. to get the

correct placement of the decimal point. Similarly, to find the different

measures for a length of .038 centimeter, we write

.038 centimeter = .034(10.millimeters);
,

= .38 millimeter,

.038 centimeter = .038(37-33 decimeter)

= .0038 decimeter,

.038 centimeter = .038(156-meter)

= 00038 meter.

The measures .038,460038 and .00038 are obtained from each other by
, ;ate

successively dividing by ten and, in a sense, moving the decimal point one

place -to the.left, using zeros to fill in the empty places.

032
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Exercise 2

1. Complete the following table where each row refers to a given length:

a

Millimeter
Measure

Centimeter
Measure

Decimeter
Measure

Meter
Measure

5672

b 20.47

c .056'

.

.

d / 2.3

2. Find out how the lengths, meter, dekameter, hectometer, kilometer are

related, and extend the table in Problem 1 measures in each of

the last three units.

3. Describe a counting process that Could lead to a meter-measure of

23.987.

4. Fi11.in the following blanks: [1 kilometer = 1000 meters]

5 kilomete;e = meters

-256 millimeters = kilometers

1245 centimeters = millimeters

536 centimeters = kilometers

Write another expression which says exactly the same thing as each.of

the following:

(a) 1 foot := 12 inches

(b)
1

1 yard = mile

(c) 100,000,000 Angstroms = 1 centimeter

(d) 1 foot = 1/6 fathom

(e) 1 Soot = 2/33 rod

(f) 1 inch = 2.54 'centimeters

6. 1111 in the following blanks:

(a) 12 feet = inches

4b) 1/88 mile = yards

33
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(c) 12,000 fathoms = feet

(d) 1,000 Angstroms-= meter

(e) 1 meter = feet

(f) 1 inch = Angstroms

2.4 Successive Approximations to a Length-Measure

The two approaches to the measurement of length given in Chapter 1 and

in Chapter 2 resulted in an inequality for the length zleasure of a given

length. Neither of these gave a method for actually finding the exact value

of the length measure.

The two procedures may be outlined as follows: Given a length of

2549 1/2 millimeters,

the method outlined in Chapter 1 would give an inequality which would

use only counting number such as

2549 < d < 2550; in millimeter measure.

The method developed thus far in Chapter 2 could 'give an inequality

which would use'numbers expressed in decimal notation, such as

2.549 < d < 2.550; na meter measure.

An advantage of the second procedure is that it can be continued (at

least theoretically)lhdefinitely. For example, if the length of

2549 1/2.millimeters is measured by using finer and finer divisions of the

unit, the following inequalities might be obtained

2 < d < 3

2.5 <d <2.6

2.54,< d < 2.55 in meter measure (2)

2.549 < d < 2.550

2.5495 < d < 2.5496

The number 2549 1/2 when written in decimal form-would be 2549.5 and so the

last inequality, 2.5495 < d < 2.5496 does.follow from what we know. These

inequalities give estimates of d of steadily Increasing accuracy. We also

say that these inequalities give successive approximations to the meter

measure d.

In practice' one would have to stop giving successive approximations

When we reach the smallest division of length that can be counted. For

example, in the last' inequality the final 5 in the fourth decimal place
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refers to 5 tenths of a millimeter. To obtain this, we need a very fine
-

scale divided into tenths of a millinleter and probably a magnifying lens

to count them. To continue that series of inequalities` to the next decimal

place would require an even more delicate meted cf measurement or some in-

direct method.

In practice, therefore, one IS limited to z certain number cf reliable

decimal places :n the inequalities.

Exercise 3

Which of the folloang a more accIrate est:mate for the same length?

a; 3.25 < d < 3.26 meter meal ire or

356 < a < 32 In millimeter measure

561 < d < 562 in cent:meter measure or

56 < < 57 ft millimeter measure

(c) 789 < d < -790 in millimeter measure or

1..789 < d < ».790 in meter measure

2. hi on of the following gives the most accurate esti:nate of a certain

length?

(a) :n meter measure

(b) in kilometer measure

c) in millimeter measure

(a) :n centimeter' measure

5.81 < d < 5.82

0.0058 < d < 0.0059

5811 < d < 5812

581.1 < d < 581.15

3. Suppose the dekameter measure of a length satisfies the inequality

8.967- < d < 8.9675. Write 4neoualities for d in terms of the units

.used in Problem 2.

4. At what stage in the following serres of approximations has the pro-

cedure of successiv44ivision been violated?

5 < d < 6

ti 5.6 <d <5.8

5.63 < d < 5.6

5.631, < d < 5.632

Does any one cf these inequalities contradict another?

35



4

2.5 The Determination of the Length-Measure

i( Let us use Figure 6 to illustrate the inequalities of the preceding

section. On each separate diagram the thick part of the line indicates

the range of the inequality. To illustrate 2 < d < 3, we make that.part

of the length which is between 2 a5 3 thicker than the rest.

1 unit

2 < d < 3

2
2.5 < d < 2.6

2
2.54 < d < 2.55

I.

,0 1 2

Figure 6.

its

Illustration of Inequalities

It appears from this figure that the third successive approximation,

with only three decimal digits, already gives a remarkably accurate repre-

sentation of the length of the line. The next approximation could not-be

illustrated well because 2.5495 < m < 2.5496 would just look like this:

The figure for the next approximation, say 2.54951 < d < 2.54952, would

look even more like a definite line with no "range of uficertainty" at the

right-hand end.

:roan these diagrams, it appears that we could keep on getting' closer

to the exact measure of the length if we used s;aller divisions oc.41,;e-'----,...4

unit. Of course, no matter how small the division, our measurement gives

us only an inequality. For example, we might find that

2.549512 < d < 2.549513.

Consequently, with this division of the unit we have found a loweeegtimate

2.549512 and an upper estimate 2.54 9513 for the measure d.

However, if we keep on dividing the unit and measuring with this nPw'

division, we believe that this Process will define a single number; a number

which is between any lower estimate and any upper estimate. The single num-

ber that is defined by this process is the exact measure number of the

length.

36
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How is this measure number expretsed? If we use a measuring process

in which each division is one-tenth of the preceding division, the measure

number will be obtained as a decimal in which the number of digits goes on
0

and on. For example, :.appose a length is exactly
13

meters long, and we

try to measure this length with a meter stick by continually dividing into

tenths. Our successive estimates to this measure would read as follows:

.3 < d < 4

3.3 < d < 3.4

3.33 < d < 3.34

3.333 < d < 3.334

3.33S3 < < 3.3334

and so on. If we did know that the sequence of estimates illustrated above

would continue indefinitely, we would know that

d = 3.3333

(Here the dots mean that the threes continue indefinitely.) Of course, this

1 10
number d has the simpler name 3-

3
or but this does not mean that every

3

decimal has such a simple name.

To summarize: the measure of a 1hgth is assumed to be an exact num-

ber. This number may be a decimal which cannot be written exactly. How-

ever, we can always get estimates as close to this number as we please.

Exercise 4

1. Write down the first five successive estimate inequalities in decimal

form, to the following length measures:

(a)

(c)

(d)

49.3747921

3.22

4

(b)

(d)

.(f)

8.999999

4

4 :31, 4-

2. Guess{ the value of d in each of the following cases:

4 <d <5

4.1 <d <4.2

.4.16 < 4.17

4.166 < d < 4.167

and so an,
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2 <'d < 3

2.6 < d < 2.7
/

< d < 2.67

2.666 < d < 2.667

and so on,

3 < d < 4

3.1 < d < 3.2

3.14 < d < 3.15

3.141 < d < 3.142

3.1415 < d < 3.1416

3.14159 < d < 3.14160

and so on.

Of which of your answers tre you certain?
r-

2.6 How Lengths' Are Quoted in Practice

4
To simplify our discussions, we have sometimes considered lengths which

can be given exactly by a measure number. An example of this is:

3.67, which contains only a few decimal digits. Actually, nearly every.
length is such that its measure is bound to be given by a nonterminating

decimal. Since it is impossible to quote such a length exactly, werecog-

nize that all statements about measurements imply an inequality and thus,

two numbers. However, for convenience, we quote one number and make an ,

agreemeht about what inequality should be implied by this number.

P

Before discussing this agreemdht, we must consider the topic of sip nifi-s

cant figures. We will define significant figures as figures which are the

result of a measurement and not a result of conversion of uni s. Consider

the examples of conversion of units in Section 2.3. We saw there that e

length of 23.7 meters can be expressed as 2,370 centimeters or 23,700 milli-

meters. In these tWO cases, the new measures were not found by the act of

measuring. They were merely arrived at by converting from meters to centi-

meters or from meters to millimeters. Then the only digits in any of'these
4

measures which were the result of measuring,were the 2, the 3 and the 7.

The zeros in the second and third numbers were introduced as the result of

conwerting units and not as a result of measuring. We say that only three

figures are significant in any of these numbers. Of course, if you see a

length such as 23,700 mm, with no additional information, you cannot tell

38
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how many digits are significant. When we discuss scientific notation, we

shall learn a form for writing measure numbers which will clearly show how

many figures are significant.

Let us return to the question of what inequality is implied by giving

a single number for a measure. Suppose, as the result of a series of

measurements, we have obtained the following successive approximations:

2.< d <3

2.5 ,<d < 2.6

2.54 < d < 2.55

2.549 < d < 2.550

2.5494 < d < 2.5495

Looking at the second inequality,"we.can say for certain that this in-

equality shows that d is closer to 3 than to 2. Thus if, for the purposes

of the measur nt, it is enough to give d to one significant figure, then
E

the value to give is 3 rather than 2.

Continuing, we can see that the third inequality shows that d is closer

to thanthan to 2.6; thus, if we require two significant figures, 2.5 would'

be the best value to take.
fte,

To three significant figures, the best value for d is 2.55, and to four

significant figures, the best value for d is 2.549.

You will:have nbticed by now that to know they best value for d at any

stage of the approximation, it is necessary to know the next approximation.

We shall make the following agreement or convention about stating measure

numbers:

At 211 stage of approximation, Noe that estimate which 4

is closer to the measure.

Now, if this convention is adopted hs standard, we can make a definite
Nio

statement about the possible error in any given measurement. Suppose a

. measure d is quoted as 2.55 to three significant figures; then it implies

2.545 < d < 2.555. (9)

If it were slightly less than 2.545, it would be closer to 2.54 than

to 2.55, and so would, be given as 2.54; similarly, 'if it were slightly

greater than 2.555 it would be closer to 2.56 than to 2.55,.and so would be

quoted as 2.56. Thus, the possible error in the quoted value for the I

measure is no greater than .005. That is to say, the measure is given to

the nearest hundredth (.21) and we are certain that this value is closer
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than half of this unit to the accurate value. Therefore, we are certain
. .

that this nuMber>2155, which is correct to three significant figures de-

scribed any measure which could be reported' by the inequality

2.545 < d < 2.555.

1.

2.

Hoir many significant figures

(a) 573.02

(b) 2.91

(e) 3.14159

Quote the following measures

Exercise

4

of the following nuMbers2

.0Q5706

5,296,000

3:760

figures:

are there in each

(d)

(e)

(f)

to two significant

(a) 34.06 < < 34.07 (e) 29,783 < d < 29,,784

(b) .0765 < d < .0766 (f) 125 < d < 135

(c) 1374 < d < 1375 (g) .0195 < d < .0205

(d) .000567 < d < .000568

3. Write the inequalities implied by the .following measure statements:

m is approximately
(

(a) 2.6 (d) 1.059

(b) .075 <e) .003

(c) 2604 (f) 276.53

2.7' acponents

In the discussion of the metric system for measuring lengths, we saw

that the fundamental unit of length was the meter (m) but that for some

purposes it may be,,convenient to use a smaller unit such as decimeter (dm),

centimeter (cm), millimeter (mm), or a larger unit suctras dekameter (dkm)7

hectometer (hm), kilometer'(km). These units are related as follows:

1. 11 m = 10 dm = 100 cm = 1000 mm =
100

hm -
1000

km.

We see that these new units are obtained the meter either by success-

ively dividing by 10 or successively multiplying by 10.

If we want to measure very small distances, such as the size of an

atomic nucleus, we might have to use the unit that we would get by dividing

the meter into 10 equal parts, and ten dividing this part into 10 equal
. -

parts, and so on for 15 times. On the other hand, if we want to measure

'"
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very large distances such as the diameter of the galaxy, we would have to

use a unit that we would get by taking a unit 10 times as 1 rge as the

meter, and so on for 22 times. The ratio of the length of his unit' to

the length 1 meter would be the number written one followed twenty-two

zeros.

1X 10 = 10
10 X 10 = 100

100 X 10 = 1000

10 x 10x ... X 10 = 10,000,000,000,000,000,000,000,

22 numbers 10

Similarly, the refit of the length of the small unit to the length 1 meter

would be the number written as a decimal point followed by fourteen zeros'

and, then by one.

1
10

= 0.1

1
- 0.01

10 X 10 100

1 1_ 0.001
10 x 10 X 10 1000

I

li

10 x 10 X...X 10
- 0.000000000000001

15 numbers
4-4

It is.vlear that for problems involiing such large or small numbers a better

'notation is needed.

Let us begin by considering the units of length larger than the meter.

We may write:

It is

1 m = 1.111

1 dkm = 10 m

1 hm = 100 m = 10 dkm

1 km = 1000 m = 100 dkm = 10h.m

clear that the different numerical factors are obtained bsuccessive

multiplications with 10, that is

10. = 10 X 1 ,

100 = 10.x 10 X1

1000 = 10,X 10 X 10 X 1

Another way to write the first line of this would be

10
1
= 10 X 1
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where the first one tells how many factors Of ten there are in the number.

We, read thip:' "Ten to the first power equals ten". The second line could

then be written:

100 = 10
2
= 10 X 10 X1

where the number 2 tells how many factors4of ten there are in the nuMbex2 one
hundred. We read this statement one hundred equals ten to the second power

equals ten times ten times one. Using the same method,' we note then 1000 is

the product of three tens and could therefore be written 103 (ten to the hird
1power).

A number such as 1, 2 or 3 which is written small and to the upper right

side Of the number 10 is called an exponent of ten. We shall use any count-
,

ing number 1, 2, 3, 4, 5, ... as an exponent. The exponent of ten will count

the number of times ten multiplies one. For example

104= 10X1OX10X10X1
105 = 10 X 10x 10 X 10 X 10 X 1

and so on.. Thus, 10
15

will equal one multiplied by the product of fifteen
tens.

Sometimes we shall use zero as anexponent. Because of our definition

of exponent, 10
0

equals one multiplied by ten zero times, that is, one multi-

plied 3r no tens, or one not multiplied by ten; consequently)

100 =

have

Let us see if we can find another meaning for the exponent of ten.

10
0

1

10
1

= 10

2
10 = 100

6r

103'= 1,000

10--= 10,000 -

10?*= 100,000

6and po on. Count the number of ieros on the right-hand side of t s equa-

tions and compare this nuMbei with the exponent. Can you now explain why

'1015 is the number one followed by fifteen zeros?

'We can find still another interpretation.of the exponent of ten. Ile can

now say
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or

200 =2 X 100 = 2 x102

3.57 x 103 = 3.57 x 1000 = 3,570.

This indicates that we can rewrite numbers in forms where the decimal point

follows the first significant figure. Look at these expressions.
Ps

24.768 = 2.4768 x'101
.

247.68 = 2.4768 x 102

2476.8 -.2.4768 )1103

24768. = 2.4768 ?( 104

1,0

The decimal point in' the numbers of the right hand column follows the first

significant figure. However, in the left hand column we note that the

decimal occupies a different position ih each number. In the first number

the decimal point is one place to the right, ki the second number it is two

places to the right and so on. Looking at the'left hand column, do you see

that the exponent of ten counts ya number of places the decimal point is to

the right of the first significant figure?

For example, in the third uation the factor 103 means the decimal

point placement is three places t,athe.ftg.ht, that is the decimal point has

been displaced from after the,digit "2" to after the digit "6". In the same

way, a factor 10
0

should mean that the decimal point is not displaced; there-

fore, we should have

2.4768 X 100 = 2.4768.

Does this agree with our previous statement that 100 = 1?

We can use this interpretation of the exponent of ten for finding the

position of the decimal pdint in decimal form when the number is expressed

in terms of a factor times some power of ten. We know that a number such at

247 can be written 247., with a decimal point following the seven. In fact,

.a decimal point may be considered as following every counting number. Thus,

the rule for the placement of the decimal,point does apply to the multiplica-

tions

247 X 101 =2470

247 X 102 = 24700.

/sing this notation, we may write
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'1 dkm = 101m, 1 hm = 102m, 1 km = 103m,

to change length measures from one unit to another. For example, a length

2.4768 km = 2.4768(103 m) T'2.4768 X 103 m

= 2476.8 m.

To summarize: The'nuniber ten with the exponent n, where nplo, 1, 2,

3 ... , is written 10n. It equals the number one followed by n zeros or, what

is the same,'-the number one multiplied by the product of n tens. .If a number

is multiplied by 10
n
, the effect is thesame as moving the dejeimal point n

places to the right, all empty places being filled by zeros.

1. Write these numbers

(a) 63.475 X 10

(b) 2.3 X 104

Exerefl; 6

in a form that does not contain exponents:

(f) 3.008 x 10

(g) '16.0 x 103

1

(6) 0.0004 x.103 (h) 5.280 x l04

(d) 10.562 x 100 (1) 10 x 10
2

(e) 10
6

(.1) 1 X 10
2
X 103

2. Write these numbers in'a form using exponents in such a way that the

decimal point follows the first significant figure:

(a) 6,400,000 (e) 3,000,000;000

(b) 6,475 ( f) 256

(e) 4.56 (g) 9,327.560

(d). 314,159 (h) 98.763

3. Which of the following are correct?

(a)

(b)

4 x 103 x 5 x 102 = 20 X41105

7 x 101 x 4 x = 11 X 106

( c ) 2 x '03 x 3 x 102 = 6 x 105

3 3
(d) 19 x 10° x 7 x 1Q = 133 X 10

(e) 102 x 103 x 100 = 105

(f) 102 X 103 X 101 = 105

(g) 3 x 102 x 5 x 103 = 1.5 x 105

(h) 1.2 X 10 X 1.2 X 103 = 1.44 X 105
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.

% 0 0.
(1) 10 X'2 X 100'= 2 X 1

.

(J) -, U. X 102 X 2.56 = 2.816' X ?.04.

lk) 16o x 2.5 x = 4 XIo2

. (1) 5 x 10 x 2 X 10 = 103

4. Fill in the blanks'

(a) 2.3456 km = cm

'(b) 2.4 km =

(c) 0.000064 m = cm

(d) 5.62 an =

' (e) )7.6 mm = km

(f). 37.76 x lo2 an = mm

(g) .057 X 102 m = Mm

(h) 3,762,598 nn =

(i) 4.578 x 105 cm =

(j) 4.67 X 10
6
m = an

(k) 2.58 X 10° an = mm

(l) .10057 X 103 m = mm

6

2.8 Negative Exponents. Scientific Notation

What can we do with the unitssmaller than a meter? Wehave.

lm=lm

1 din = ao
1

1 an
= l00

an
..., 100 10

imn1 1000 la 100 "L" .13 Cm '

,c)

Here the different numerical factors are obtained by successive divisions by

40, or, what is the same, by succes§ive multiplications by 33:.6 . We may there»

fore write

1 1
1 qm = m 1 cm = -,--m 1 mm = --1 m

10
1 '

10
2 '

103

because 10
1

= 10, 10
2

= 100 and 10
3

= 1000.
r
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Again, these relationships may be used to cqnvertNits into one another. For

example,

37.8 mm = 3748(___1
1

m) = 3.78 am
10

37.60mm =
1

dm) = .378 dm
10

1
37.8 =m = 37.8(--, m) = .0378 m

10')

To obtain these results, we used the following:

37.8 X 1 3.78 .

101

37.8 = .378
102

37.8 x 1 .0378 .

10'

These examples suggest that multiplying by 11 or, what is the same, divid
10

by 101, is equivalent to a displacement of the decimal point one place to the
- :--

' .

.
left. Similarly, multiplying by

1
--- displaces the decimal point two places
10

,

. -

to the left and multiplying by 1
--T or dividing by 103 displaces.,the deciMal
10J

point three places to the left.

We have seen that; the decimal point is shifted either three places to

the right or three places to the left accordingly aswe multiply-rt. divide by

10
3

. For example,

3,287.6945 x 103 = 3,287,694.5
I

3,287.6945 103 = 3.2876945 .

It is usefulto be able to write both of these equalities as multiplications.

To do this, we agree that the exponent 3 means displacement of the decimal

I point to the right when multiplication is indicat Let us also agree, that

if the displacement of the decimal point is'to be to the left, we will express

the exponent as -3 which is read "negative three". Thus,

3,287.6945 X 10-3,41.2876945

and - 123.6 X 10-3 = .1236

and 42 X 10-3 = .042

tbecauie the displacement of the decimal point to the left leaves anApty* place

which must be filled by a zero.

,

46



91971,"

10
3
did not have a meaning before and therefore we can makeitmeananythilog we

k,

W.ease. 0 ,Aourse, once we make such an agreement, we must accept all its

_Why can we make such an agreement? We can dq it because the symbol

cOnseouences. For. example, we know that multiplying by
1

will also shift
. 103

the decimal point three places to the left; consequently, we must agree that

Similarly,

and"so on.

10 -3

10
-1

1
=

l03
1,

-2
=

10_2

000

1

100 '

Let us summarize our agreement about the meaning of a negative exponent:

A number such as 10-n, where n = 1, 2, 3, ... , equals one divided by le or,

one divided by the number which is one followed by n zeros. The result of

multiplying,a number by 10-n is to move the-decimal point n places to the

left.

For example :
\qc

10-5 = 1 -
1

lu
_5 100,000

237.4 X 10-5 = .00374.

We may use the notation of negative exponents to express divisions of a

meter in terms of a meter. We see that

1 dm = 10
-1

m, 1 an = 10
-2

m
-

1 mm = 10
-3

=m 10
-2

dm = 10
-1

an

and so on. The previous example, in Which we changed 37.8 mm into other

units, now can be written as follows:

37.8 mm =-37.8 X 1071 cm = 3.78 cm

= 37.8 X 10-2 dm = .378 dm

= 37.8 X 10-3 m = .0378 m.

Powers of ten may be used to write large or small numbers in a simple fashion.

For example, the speed of light, which is 186,000 miler second, can be

written as 1.86 X 105 miles per second because

1.86 X 105.= 186,coo.

This new notation also emphasizes that only the-three digits 1.86 are

significant4 that is, only these digits are the result of measurement. In



fact, more accurate measurements of the speed of light show that the speed is

approximately 186,324 miles per second.

Atumeral such as 1.86 x 105 in which the decimal point appears after

thefirst non-zero digit is said to be written in scientific notation. The

following are examples of numbers tin scientific notation:

x 102

5.28 x 103

1.6 x 10-3 .

' The following are not in scientific notation: 36.5 x 10
1
, 0.528 x 10

4
,

16 10 .

P

Exercise 7

Express in scientific n4ation. Use a World Almanac or sim4lar reference book

to gtt the appropriate numbers where they areneeded.

1. The speed of light correct to two significant digits.

2. The speed ftlight correct to five significant figures.

3. The number of Angstrom units in one centimeter.

4. The number of meters in one millimeter.

5. The number of kilometers in one millimeter.

6. The annual budget of the United States.

7. The measure'of the area of the United States in square miles.

8. The measure of the area of your state in square miles.

9. The ratio of the number in Problem 7 to the number in Prq9blem 8.

Carry out the indicated calcUpations and write the answer in scientific

notation. A
10. (1.6 x 103) x (1.1 x 102).

11. (1.6 x 103) x (1.1 x

12. (1.6 x 10-3) x (1.1 x 102)

13. (1.6 x 10-3) x (1.1 x 101)

'1y. Use the facts that 36 in = 1 yd and 2.54 am = 1 in to express the measure-
_

,--____ meat 1 cm in yarda,0--
. .

-------15.._
-,_

If the speed of light is 1.86 >( 105 miles ifer second, change it to meters
4

per'second. Use 1 mile ='5280 x 12 in and 1 in ="2.51 am.

4

)
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2.9 The Number Line

Figure 6 illustrated graphically some inequalities, and in Section 2.5

we considered that happens as the successive inequalities narrow down the

range within which a number i lies. We said that a definite number is defined

by such a process. .

This Aefiniti number can be -epresented by a toint on the Lines in

Figure 6, not by a shaded area w:lich has a length to it, but by a singi

point. In this way we build up the idea of a line of numbers, or a num

line, on which any number can be represented ty a point.

This idea of a nuMber Line is closely related tc :he idea of and

,:oo length measure, since c. he opera:lens which we nave already me: :n

ccinnectien with lengtn, such as addition and comparlson, erematined by si=lar

operations with n7:mbers on tne number line.
.

o I -2 3

Figure -.01:mber.line

,

To cons _.:c: a number line, start with a,line ar4 mar?. one point cn it

with a zero. ley off tne co.unting numbers a: equal spacings as illdstrated

Fi.ture -., The spacIng :-.:eem zero and One is, of corse, arbitrary, in

other words, it can :e chcsen as any convenient 1Pngth.

The point -on the number Line which vas marked with a zero is' cared the

origin and the point wr...:ca was marked .4-i t.. one is called the unit toint. The

arbitrary spacing between tne Frigir and tae anit point is the 'unit .disttSate.

All of the numbers which ae not counting numbers else have points assigned

to them. F,Tr example, the point half way between the unit spin,, and_ the .

'1
point assigned' to tienilmber two is assigned the number

t .

As we have seen inkSection 2.5, the number line also cont4ns points

such that the measure of their distance from tne origin cannot be written as

an. exact decimal. Thus, the number
I

Cr3333... cannot be written as an

exat.i-defimal. It also happens that there are numbers which can neither be

written as an exact decimal cr as a simple fnaction hose.numerator and de-
(

nominator are both integers. For examply, n (the ratio of .the circumference

of a circle to its i.iameter) and I Cthe number which multiplied by itself

produces 2) are numbers of this type. These numbers are marked. apprxcimately

in Figure 9.

.
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4

0 2 31 1r 4

Figure 9. Number Line

The number line has the following important properties:

1. The number line orders numbers: if a < b, then'the point representing

a will be to the right of b.
viep

2. Addition of numbers can be represented on the number line as an addi-

tion of lengths. It is left to you to see how this can be doge.

Summing this up, we can say that every positive number can be 'repre-

sented py a point on the number line. Furthermore, the properties of the

number line are closely related to the properties of length- measure.

Fcercise 8

1. Draw your own number line to cover the first ten oounting numbers.

Mark the following numbers on it as accurately as you can:

2= 1

3
, 9.5, 8.6, -=

'

5.25, 6.375, 4-3=7..
2

2. On another number line, making each unit 10 cm !'n length, mark the

following numbers:

, 3.26, 4,1.3, 147, 1.2.

Arrange these numbers in ascending order of magnitude.

3. Illustrate 2 + 3 = 5 on a number line.

. On the iuMbar, line mark the points representing the following numbers:

2 2-,11
2' 2' 2' 2' 2' 2' 2

5. (a) On the number line mark the points representing he followitig

numbers:.

1 2 3 4 2 6 7 8
.7, 5, 7, 9, 7.

(b) Which of these rational numbers in 'art.(a) ca be written as

exact decimals?
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6. If ;Ms possible, express each of the following numbers as a simple

fract-1,4 whose numerator and denominator are both integers.

(a) .25 (fT .8333 ...

(b) 333 Ci (g) .777 .

(c) It (h) 7 .

pa) -.125 ,: (i) .363636 ...

'(e) I (j) .454545 ..,.

*(Note: In parts (i) and (j) the 3 dots mean that the establ

pattern of digits is repeated indefinitely.)

7. Express each of the following as an exact decimal wherever Rossible.

(a) 3 _

(e)

(b) 37 (f)

(Z) 92 (0 LOg)

(d) 1 (h)

2.10 Summary

An opportunityopportunity to gain a clearer understanding of the.nature of

measurement and the role of units was given. The experiment,on the unmarked

stick gave a chance to take an arbitrary unit and divide it into equal smaller

units and perform measurements with it. In addition, the need for conversion

of units could be recognized since neighbors performing the same experiment

were nsing,sticks of different lengths. This parallels the situation in the

world w ere different nations use different standard is f. measurement.I'
The 1 ngth measure of the metric system was developed and the conversion of

sta ard units was examined:

The problems of precision and error inmeasuremint were made apparent.

Sciecytific notation was introduced and its,advantages in dealing with approx-

ima significant figures were txploreck:Iiii,

The number line wiL introduced with the arbitrary choice of unit length.

Then the correspondence of the points on the line and numbers was made. This

provides us with a pictorial model of our number system.
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3.1 Introduction

Chapter 3

RELATIONS, FUNCTIONS AND GRAPHING

p
For severalyears now you have been learning more and more in school

about the idea of number. In the work that(followe we shall have much to

do with things -- objects that we can see, feel, hear, or, in general, know

about with our senses. People who spend their lives studying numbers and

number-like concepts are called mathematicians. Mathematicians are curious

mostly about inventions of the mind. People whose life work deals with ex-

plaining things and events in nature are called scientists. Scientists are

curious about the world of the senses and how to make it understandable.

You might, think dat the mathematician and the scientist are doing completely

different things and that they would have nothing useful to say to eaeh-other,

but that is not true. There is a wonderful and mysterious connection between

the thing world and the number world. We wish to explore this connection.

Because we must make a connection in our thoughts between the thing

world and the number world, it is helpful to have an orderly way of describ-

ing how we can assign numbers to things. Also, we need to keep track of

what we have done.

A little experiment will sh need for being careful in our record-

keeping end will lead to a new idea that jou will use again and again as long

as you study mathematics. You probably have several books in your desk. TaKe

some time out from your reading and get them out on top. Now, imagine that

you are going to write a letter to d cousin telling how many pages each book

has. Get Ofiece of paper and put the information down as briefly as you can.

Now let's examine the results. Did you really get the message across?

.Maybe you put down something like the following example:

Example A: 215 pages, 166 Pages, 301 pages, and 277 pages.

.If so, how is your cousin to know what books you have, or whi h book ha4 how

many pages?

Is the following example better?

Example B:
English, Spanish,' mathematics, social studies, 215,

166, 301, .2,77.
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so

We agree that there is a bit more information here, btit what book gets

pairelwith what number of pages? Does the English book have 215 page's, the

Spanish book, 166 pages, and so on? If that's what we mean to say, what would

be a safe way of saying it? Perhaps you have foreseen these dangers and Ave

written carefully

Example C:

"The English book has 215 pages,

the Spanish book has 166 pages,

the matheMatics book has 301 pages, and

the social studies book has 277 pages."

In this case y!.1,..21ave done a fine job and we could only suggest that to

save pencil lead you prune it down a it without losing any important inform-

ation. Something like this:

Example D:

9 2 / 5-

, 1 . / 6 6
41,ttth,i964z 3 o

Do yOU ag;oethat this little table contains everyLhing we want to,say? At

first you may be tempted to say it does, but think for just a minute. Your

cousin may have been worising in the library counting books. In this case he

might think the table says that there were 215 English books in the library.

On the other hand he may have been helping the principal assign students to

classes. Now he might understand the table to say that 277 students are en-

rolled in social studies.

A more careful Cray of displaying the tal2.1e might be like this

Example E:

I

-,
/

-oe-e,--X%. A-111--(--

, , (j-ek-e4 -/ 6 6 7.&-a--/--e-s

Ad.,1-cat(d,,ai, h-4 77 7.(2%-1-6

Could we take a pair of scissors and cut our table down the middle into

two pieces without at the same time destroying some information?
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What has gone wrong? Do you see that we can no longer tell for sure which

number of pages is attached to which book? This kind of cutting apparently

doll serious 'damage to the information in the table.

Try slicing the table another way, this time along each horizontal line

instead of along the vertical line. We then have quite a clutter.

,
Your cousin would complain justly that you had become an even messier letter

writer than usual if you mailed these slips of paper to him--but he could
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hays-no 0erious doubt about which ligok had how many pages. In other words,

:the information in the table has not been destroyed even though the paper on

which it has been written has been badly slashed.

Gluing thetstrips together to form a long ri on does not change the in-

formation at all, just the physical appearanQe. Notic at the order in

which we glue the strips does not change the information any way either.

We can still learn from it,

Example H:

for example, that the Spanish book has 166 pages.

But if we should really go wild with the scissors-again and chop up the.

tape into bits along each vertical division,

all we get is confetti. The message about mat*ching has again been destroyed.

4%.
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3.2 Ordered 'Pairs

Looking back at our various attempts to convey our message, we see that

examples C, E, G and H have been successful, whereas examples A, B, D, F and

I have been failures. What brings success, and what leads to failure? The

examples C, E, G and H are similar because the idea o pairing is strong in

lch. The symbol

,or something like it, is the common theme. .e will deal with such symbols

so often that a simpler way of writing them will be useful. We choose the

following way that is easy to typewrite and print:

(Spanish book, 166 pages)

We refer to this as an ordered pair and say'the "Spanish book comma 166 pages"

or "Spanish book, 166 pages" when reading aloud to someone.

By an ordered pair we mean a set containing exactly two elements in which

one element is recognized as the first. For example, in the ordered pair;

(Spanish book, 166 pages), Spanish book is the first element, and 166 pages

is the second element. Since we read from left to right, pick%rii out the

first element is easy:

-

It is easy to see that example G is nothing more than a set Of 'Ordered

pairs (or class of ordered pairs, or collection of ordered pairs, if you

prefer)., The same is true for examples C, D, E and H, but each example has

its own characteristics. ,Example E is neat but C is wordy, D is incomplete,
6

Q is messy and H is a bit peculiar. However, they are all ways of Willing

down the same set of ordered pairs.

The agot of ordered pairs which we have been discussing here is merely an

example. There are many other examples of sets of ordered pairs which could

be given: In fact, whenever tnere is a natural relation between two sets of

things (or numbers) there is a correspondirik set of ordered pairs. For ex-

y ample, here is a set of ordered pairs:

Li:
( (Austin, Texas), (Annapolis, Maryland)

(Sacramento, California), (Albany, New York),

(Denver, Colorado), ... )

1" Can you see what the relation between the first and second elements of these

pairs is? Can you add more pairs to this set? What first element belongs

t:
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with

Illinois)

in -this set? What secondielement belongs with

(Columbus, t..)?

ere'is another set of ordered pairg

((Phoebus, Mars), (Titan, Saturn), ...)

1

Can you add more pairs to this set? What pair in this set would have "Earth"

as its second element?

3.3 Relations

Why is a set of ordered pairg convenient? It is convenient beelAise it

indicates an act of matching or relating. Our collection of ordered pairs

relates 166 pages to Spanish book, 301 pages to mathematics book, 215 page

to English book, and 277 pages to social studies book. If we wished -cc, w6-1'-'1

V 07
could reverse the order of our ordered pairs. But if we a to have the

c

name of the book as the first element of each ordered and the number of

pages as the second element, we avoid the conf haVingsome of us

saying it one way and others another way.
,3

-----N ./
A set of ordered pairs will be called A relatio . Thelrelation that we

w'.?...;. A

iriave found between pages and books is disOlaYed in the fol ng set of ordered

t
pairs

(English bOOk, 215 piges)

'(Spanistrebbok, 166 pages)

(mathettics book,),q1 pages)'

(social'Estudies.A1OOk,i277 pages)

Notice that itpis set is theAne which appeared in Example E. When we

manufactured F by chclwing E dpian the middle, we destroyed a relatiOn but were-

left with two sets whichit is extremely useful to give special names. 'The set

on the left, which we rewr/teAere horizontallycas.follOws:

(kIglish book, Spanish booi,,;Tathematics book, social studies book)
N,

is the set of first elements of the ordered pairs in the relation. It is

called the domain of the relation. Note,,that mathematicians use braces, ( ),

to list the elements of a set.
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The other set

(215 pages, 166 pages, 301 pages, 277 pages):

the set of second elements, is called the range of the relation. Notice that

the order of listing the elements between the braces doesn't matter. We.

could just as well nave said that the range was the set

L
(301 pages, 166 pages, 277 pages, 215 pages).

We can now say that a relation matches each element of its domain to one

or more elements of its range. Of course, we can say precisely how this is

done without looking at its ordered pairs. The ration we have been discuss,

ing has its domain filled with things and,itsrange with numbers, but it A

possible to have relations that relate things to numbers, or things to things,

or numbers to numbers. As you might expect, mathematicians are especially

interested in the last kind:

Exercise 1
o- --

1. Make a set of ordered pairs by assigning to each month of a leap year

the number of days it contains.

(a) How many ordered pairs are in the set?

(b) How many elements are in the domain of the relation?

,...., (c) *ite the set of elements in the range of the relation.

(Hint: In a set, an element is listed only once.)

(d) How many elements are in'5; range of the relation?

2. Suppose we bad used the year following a leap year in Problem 1. Would

we have answered Problems 1(a - d) any differently? Why?

3. The domain of acertain relation is the set (7, 10, 22, 1); th range is

the set (B, C, A, D). From this information form one relation having

five ordered pairs and one relation having seven ordered pairs.

IV4. Use the index in the back of one of your texts to obtain ordered pairs.

(a) List four ordered pairs where different elements of the domain 4

ti
, share the same element of the range.
,,

(b) List foUr ordered pairs where different elements of the range are
. . .

-\.

assigned to the same element of the domain.

5. Given the following sets of ordered pairs:

(a) (1, 2), (4, 2), (5, 2), (6, 3), (7, 3Y

(b) (0, 0), (1, 0), (2, 0), (3, 0)

Determine the domadn,
\
and range.
"----

.

460 \
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3.4 An Experiment

0
You have probably heard it said that "a picture is worth a thousand

words':. We know that refation is a set of ordered pairs. Some relations,

for example, may contain such a large number of ordered pairs that it would

be physically impossible to list every ordered pair in the set. It might,

then, be a good idea to look around for other methods of displaying these

ordered pairs.

Suppose we consider an interesting experiment. Our problem iks.this:

If erstack of identical books is placed at the edge of a table, what is the

largest amount of overhang we can get from them before the books topple?"

BOOK

largest,
crverpang

Figure 1

, >

Let us suppose the length of each book is 24 cm . If we have only one

book in our stack, it is easy to answer the question. A little experimenta-

tion will soon show us that we can move the book lengthwise beyond the table's

edge until we have.a largest overhang of 12 cm measured to the nearest centi-

meter.

This problem of balancing a stack of identical books and determining th@

largest amount of overhang.sUggests a question:

"What is the relation between the number of books in a stack and -the largest

;possible overhang frOm this number of books?"

The first ordered pair in this particular relation then will be (1 book,

12 cm). This notation promises to be a little more bulky than we might like

to haVe it. We have already seen that the elements of domain are books and

the elements of the range are centimeters. We could strip these elements of

their labels and write the first ordefed pair as (1,12). Remember, however,

if We do not label each individual element of the domain and range, we must"

state definitely from which set elements are drawn.'

How do we find the maximum overhang for the top book if there are two

books in the stack? Remember that the books are the same size. If the second

book is placed directly on top of the first book, the books are balanced. If

we extend the top book out beyond the first book, we Would find that the st5..
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of two books would topple off the tablet Fr'm this it might appear that 12 cm

is the maximum overhang that we can get, no matter how many books we have in

the stack.

Let us pause a moment and see if we can't be a little more clever.

Suppose'we were to hold the first book firmly in the balanced position. Now

balance the second book on the first book in the same way you balances} the.

first book on the table. But of course this isn't fair, since the'stack would

again topple if you were to remove your hand f om the first book. But what

would happen if we were now to slide the two bo s together back on the table

until this stack of,two books balanced? Would we have to push then so far

that the bottom book would rest entirely on the table? :If you have tried this,

you know that the answer is no. You should find that a stack of two books°

will balance something like this.

BOOK 2
BOOK I

largest
overhang

Figure 2

Wheome balanae the books this way and measure the largest overhang,. we

might find that the distance is 18 cm to the ne arest centimeter. We would

then indicate this second act of balancing by the ordered pair, (418).

, "Now things are getting a bit more interesting. Wilt happens when we add

a third book to the stack and what must we do to,ensure maximum overhang in

thi6 case'? Let us use the same method that already worked so well for us.

Hold these two books firmly in position and balance the third book on 'top of

the second book in the same way you balanced the first book on the edge of

the table. Does this give you a largest overhang for the third book? Does

it give you a largest overahg for the two top books? Taking these two books

as a unit, we note that the overhang is too great to give us-11t7lance. Move
kr

this unit of two books back on the bottom bObk until they just balance on the

bottom book. You should, recognize thqt we have actually balanced these two

books on the bottom book in the same way we ballkced two bopks on the edge

of the table. '

All three books-77e now balanced as a unit. Qur problem now is to bal-

ance this unit on the edge of the table in such a way that they will give us

a greatest overhang. The same procedure we have already used should also
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work in this case. Move this unit back onto the ble 4ntil it just balances.

Now we get a balanced stack of three books.

YoU might doubt that this method ,is the one which given a greatest over-

hang.: If you.do doubtTt, try -other ways you might think of and see,if you

can get a greater overhang. We haven't tried to explain why this act of bal-
tr

Aancing works the y it does. This, of course, suggests that finling a way

of solving a prol4e s not enough in science and mathematics. Wemust'also'

be able to exple;.n why this method works. At this point, however, we are not

needy to explain why this particular approEich works. Let us just say that it

does work.

With the three books balanced, we might find -that the measure (of the

overhang) to the nearest cm is 22 m. The result of this balancing could

then be recorded as an ordered pair, (3,22).

We won't go'into a detailed description of how to balance four books or

.4five books in o;1-,der to get a largest overhang (Figure 3). If you think care-

fully, you can probably find a 13ay to do this. One thing which might make

this an interesting experiment to perform is that very soon you can get a

stack of books balanced in such a way that the top book is not over the table

at all.

3.5 Graphing of Ordered Pairs

was

- Figure 3

'

Suppose that the set of ordered pairs we collected in this experiment
2,t

((1,12), (2,18), (3,22), (4,25), (5,27)).

The first element of each ordered pair tells us how many books there were in

the stack, and the second element refers to the ce imeter measure of the

maximum overhang from-the edge of the table.

6
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The set'notation, ( ), has given us a handy method for listing the or-

dered pairs of a relation. However, sometimes a simple listing of these

ordered pairs does not 'give us the best idea about all features of a rela-

tion.

Let us then consider other methods of shoring the ordered pairs of a

relation. We have already had experigipe with the number line where every

point has adefinite real number as its coordinate and each real number is a

coordinate of a single point. We shall relate the coordinates of a number

line to the-magnitude of various physical measures. We have an example of

this in Section 2.1 where we related the coordinates on a ruler to length.

We could also have a number line for area, volume, mass, time or other

physical quantities.

Relations in which the ordered pairs are pairs of numbers may be dis-

fli-played on two number lines. For coEvenience, let us Choose two lines, which

are parallel. These lines can be horizontal or vertical'or even diagonal; it

does not matter. It is important to know which line we let represent the
A

ddmain and which line represents the range. We can take care 4f this easily

by giving each line an appropriate label. We should also indicate the coor-

dinates of some of the points on each of these lines: Our coordinate lines
/

might look like this,

o4.
tOM*

O
(".6-1.

rc., $Os, ..

<4max. overhang (cm) 60

1..,.1-, 4-%, .1-',g,

10 _15
0
20 25 30

1 2 3 4 5
or this,

number of books
in stack

Figure 4

7 30

or this. 25

:4-
203

c3,5,
15

2

1- 10

number max.
of overhang

books cm 7

In this example,, let us choose a pair'of vertical number lines. Fer con-

venience, let us put the elements in the domain on the'1ine toihe left and
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the elements in the rangekon the line to'the right. ,

h )

3

2

1

20

.15

011

10

Number Largest
of 'Overhang _-

Books Figure 5 (cm)

As we have already stated, we are interested in displaying the set of ordered

pairs in the relation. We do this by drawing an arrow from each element in

the.doathin to, the corresponding element in the range. Remember, the labels on

the number linei only give us an idea of the kind of things in the domain and

the range" Now the arrows indicate which pairs are in the relation. The arrow-

heads indicate which s-ct.it the range, and the tails indicate which set is the

domain.

.

.111.

1 1_ 10

Number

Books
Figure 6

Max.
Overhang

(cm)
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This diagram then is a graph of the-ordered pairs in our relation.

Exercise 2

Graph (by drawing arrows from one number line to another) each of thb follow-
re,

ing sets of ordered pairs.

1. ((1,1), (2,3),, (3,6), (4,10), '(5,15))

(a) What are the elements of the domain?

(b). What are the elements of the range?
0

(c) If a relation contained the above ordered pairs and if the

number 6 were also an element in the, domain of this relation,

what would you guess for the corresponding element in the

range if the same pattern were repeated?

2. ((1,1), (2,2), (4,3), (4,4), (5,5))

(a) What are the elements of the domain?

(b) What are the elements of the range?

(c) Is the ordered pair (b,6) also an element in the set defined

by this relation? 'Why?

3. ((1,3), (2,2), (3,3, (4,2), (5,3), (6,2))

(a) What Iv the elements of the domain?

(b)"" What are the elements of the range?

(c) If a relation contained the above ordered pairs and if the

number 15 were also an element in the domain of this relation,

-what would you guess for the corresponding element in the,

range If the same pattern were continued?

(d) If 'the number 8 were an element in the domain ota relation

similar to that described in part (c), what would youdgffese

for the corresponding element in the range if the same pattern
4

were continued?

(e) State a rule for writing ordered pairs belonging to a relation

similar.to parts (c) and (d) if the domain were the counting

numbers 1 through 100:

4. ((3,1), (2,2), (1,3), (1,4), (2,5), (3,6))

(a) ,Whatare the elements of the domain?

(b) What are the elements of the range? C

(c) If a relation contained thq above ordered pairs and if 'the

number 4,were also in the domain of this relation, what

would you guess for the corresponding element in the range

if the same pattern were continued?'
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Each of the following graphs, (5 10), defines a relation. List a set of

ordered pairs which defines the same relation. List the domain and the range

for each relation.

5. ,

,1110

120

70 105
6o
5o
4.0 90
30 85

8

.55

6.

3:6 Functions

7.

10.

In the preceding section we had some experience with graphing relationsk

on parallel umber lines. We took careful note of which number line displayed

graph of he elenti of the domain of the relation and which displayed

the graph of the range of the relation. Let us look at these relations for a

moment and see if there appears to be other properties that we can 'see in

them. Consider for a moment the graphs in the preceding -get of exercises.
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Hot, might we classify the graphs in Problems 5 10? One thillg we could do

would be to look for patterns established by the arrows, or we might compare

the'number of arrows displayed by any relation to the number of elements in ,,\

the domain and range of the relation.

AIn Problem 5, we could note that there are 5 arrows. This says that

the relation contains 5 ordered pairs. There are also 5 elements in both

the do:nein and the range of this relation. Careful thought will tell us that
oM

this can work only if each element in the domain is used just once and each

element.in the range is used just once. IN any of the other relations have

this same property of using each element in the domain just once ai each

element in the range just once in forming ordered pairs? Problems 7,,8, 9

( and 10 certainly do not.

We,can use this same approach now to see if there are differences in

these last four graphs. Looking at Problem 7, we that there are 8

elements in the domain, 6 elements in the range and 8 o ered

only way we could get 8 ordered pairs would be if each eleme omain

were used just once, but some element (or elements) in the range were led

more than once.*, In this case, 2 elements were used twice, namely, (1,, 2.2),
4

(1.1, 2.2)-and (1.3,,2.3), (1.5, 2.3).,

WoUld it be possible to have a relation with 8 elements in the domain,

8 elements in the range and 6 ordered pairs? Why not? If you recall our

definition of a relation, you will remember that we said the domain is the '

A
set of first element's in the ordered pairs. This tells usthat we must have

at least as many ordered pairs in the relation as there are elements in the

set. we call the domain. The same line of reasoning would tell us that we _

must also have at least as many ordered pairs in the relation as there are

elements in the set we call the range.

Now Oompare the graph in Problem 8 to that in Problem they

appear to have the property of using each element of the domain just once?

We note that there are 5 elements in the domain, 6 elements in the range

all 6 ordered pairs in the relation. This means that one element of the

domain had to be used more than once in forming ordered pairs. Problem 9

follows this .g1Treral pattern (2 elements in the domain, 4 elements in the

range and 4 ordered pairs) with both elements in the domain being used twice.

(Problem 10 seems to follow a pattern similar to PI/oblem 7 where each element

in the domain is used just once in forming the ordered. pairs of the relation

while some elements of the range are used more than once. In a way,
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this last distinction is'aimilar to that made in Problems 5 and 6 because
c'

in these problems we also noticed that each element of the domain was used

just once.

Let us now define a special kind of relation. We shall call this special 4

type of relation a function. A function is aset of ordered pairs such that

each element°of the domain appears in one and only One ordered pair. This

allows more than one element in the domain to correspond to a particular

element in the range (see Problem 10). It is important to realize that this

definition does not allow any single element in the domain to correspond to

two or more elements in the range.

The set of all first elements of the ordered pairs is called the domain

of the function, and the set of all second elepents is called the range of

the function.

According to our definition of a function, we note that the graphs in

Problems 5, 6, 7 and-10 are the graphs of functions. Problen 8 is not a

function because here the element .50 in the domain of the relation appears

in,two of the ordered pairs, (.50, 1960), (%50, 1961). Problen 9 presents

'us with a similar situation where both elements in the domain of the rela-

tion are each used in two ordered pairs and hence, this relation is at a

function either.

Exercise 3

Define a ion which is suggested by the phrases in Problems. 1 - 7. 'Be

sure to spe y.the dOmain ,and the range of each function.

1. ((1,2), ( 3), (3,4), (4,5), (5,6), ...).

(Hint: The symbol, ..., used in this manner, means that the ordered

pairs continue indefinitely according to the pat,ten suggested.)

2. ((1,1), (2,4), (3,9), (4,16), (5,25), ...)

3. ection returns

4. ea of triangles

5. eople's first names

' 6. With each positive integer associate its remainder after division by

(Exdmple: 1 5 = 0 remainder 1, hence, (1,1)1

7. Associate with each length of the diameter of a circle the length of the

circumference of the corresponding circle.

8. The. cost of mailing a letter is determined from the'weight of the letter

as follows: it is 54 per ounce plus. 54 for ar fraction of an ounce.
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Does this describe a function? Why?

What is the domain?

(Note that the Post Office will not accept a first class mailing which

weighs more than 20 pounds.)

What is the range?

Complete the following ordered pairs in this relation: (domain is given

in ounces)

(3.7; ), (5, ), (19.2, )

3.7 More Graphing

Let us do another experiment which will give us an opportunity to de-

* velop graphing further.

In this experiment we will use an irregular, clear glass container, such

as one which contained salad dressing, vegetable oil, or syrup. Place a strip

of "magic mending" tape (this is the clear type on which yoii can write) along

the length of the bottle framAtop to bottom and write "bottom" on the end of

the tape at the bottom of the bottle. Place a small but visible mark along

the edge of the tape at the point where the tape is lined un with the inside
(

level of the bottom of the empty cdatainer. Later, when you remove the tape

from th' bottle, we will assign the number zero (0) to this Point.

more pieces of equipment are necessary for this experiment. We need

a unit of volume. A 22 am3 plastic pill battle works very well for this pur-

pose and these are easily vailable in most drug stores. For lack of a better

fname for the unit of vol e let us call it the "glue Secondly, we need a

"container of water whbse volume is greater than that o the irregularly shaped
4

container. It would probably also be a good idea to have some.paper towels

handy to lay oil the table under the various containers being used in_the ex-

periment.

Submerge the pill bottle in the container of water so that when the pill

bottle is removed from this container it is completely full of water. Care-
.

fully transfer this glug of water to the irregular bottle. Care should bell

taken to avoid Spi4ing'since we want to pair the same volume of water into

the bottle each time. On the other hand, You should be cautioned to move

right along. Have you ever obser ved how a waitress in a restaurant, tarries a.

cup of coffee without spilling it? She certainly doesn't waste time being too

concerned about spilling, but at the same time she.is reasonably careful not

to spill.



As soon as you have poured the glug of water 'into the bottle, make an-

other small mark on the tape at the level of the liquid in the bottle. When

you sight along the level of the liquid, you may have some doubt about just

where the liquid level is. You should be-careful that your eye is sighting

at the liqUid level (Fiigure 7). If you sight down on the surface of the

liquid or up from some point below, this surface, you will notice that there

is even more uncertainty as to where the mark on the tape should be made.

When your line o4' sight is level with the surface of the liquid, you will

probably notice three lines; any one of which could be identified 'as the
-

surface level. The more distinct of these three linei will be thOrmiddle

line, and let us agree to use this as the reference post for marking the

tape.

Figure 7

As soon as you have made this mark on the tape, make a mental note that

the mark is related, in some wAv, to one glug of water.

Now repeat the process of filling the pill bottle with water and pouring

this water into the bottle. Again meffe\a small mark at the poi t-on,the tape

which the surface of the liquid has now reached.

Carry on this procedure until you reach the point where it looks as though

the addition of one more glug ofwater will result in overflow.

Now; take a clean sheet of notebook paper. On the paper draw a straight

line with a ruler. Remove the tape from thfottle and place it on the paper

in such a way that the edge of the tape on which the marks were made is lined

up with the line which you drew on the,paper(Figure 8):
4

(

ft I it 1.3 k t

Figure 8
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4

Write the number zero opposite the very first mark you made on the tape.

Draw a second line on the paper to the left of the first line, parallel to

the first line. Connect these two lines with a line segment which has the

zero mark on the first line you drew as an end poing and its other end point

on the other line. Put an arrAihead on this line segment at the end that is

labeled zero. As shown in Figure 9,'pssign the coordinate zero to the other

end point of the arrow.

We now have two "parallel" number lines and the graph of one ordered

pair of a relation. Let us pause and raise a few questions before we go on

with our discussion. What is this ordered pair? What does this ordered pair

tell us about the experiment? On which of these number lines should we graph

the elements of the domain and on which should we graph the elements Of the

range? Should these number lines have identifying labels and if so, what

should they be? This last question necessarily raises the question of what

coordinates ahould.be assigned to the points.graphedon these number lines.

We should also stop to consider -whether or not this particular relation is a

function. What is the domain and what is the range of this rellition?

The ordered pair already graphed is,(0,0). The first element of this

ordered pair tells us that the number of glugs of water that are in the bottle 3,

end the second element is related to the depth o4the water in the bottle.
.

The arrow drawn on the graph identifies the line to the left as the oneon

which we will graph the domain, while the line to.the right is the one on

which we' will graph the range.

On the line to the left 'lay \off a uniform stale. Points on This line

1 cm apart give an appropriate scale for this experiment. Assign the coordin-

ate of each of these poirits on this line and label the line "number of glugs".

number
of glugs

14

12

10

8

/ pladuat-ion-
1) diStance

(mm)

'Let, us label the other line "graduation distance". In assigning numbers

to the points which we markedas we performed the act of filling the bottle,
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lee us agree to measure this distance accurate to the nearest millimeter. So

directly below the label, "graduation distance", write in parentheses (mm).

With the aid of a ruler graduated in millimeters, assign the appropriate, coor-

dinates to each mark yoh made on the tape. Be sure that each coordinate is

the distance in millimeters of that particular mark from the zero point.

Now we are ready to draw the arrows that indicate the graph of the or-

dered pairs which were determined by the experiment:. After we have done this,

we should stop to consider whether this relation is a function. It appears

that the domain of the relation is the set of all volumes of water which can

be placed in the bottle and the range is the distance, measured on the side

of the bottle, that the water level is from the bottom of the bottle. To

each volume of water there is only one depth and therefore only one ordered

pair. This relation is indeed a function.
P

How many ordered pairs did you display in Your graph which you made for

this experiment? At this Ant it might be wise to list all of these ordered

pairs. As soon as you have done this, look them over carefully. Does_your

list look something like this

((0,0, (1,14), (2,25), (3,28), (4,32), (5,40))?

Surely this is the listing of a set of ordered pairs. But is it the set of

ordered pairs which defines the function we are referring to? You will re-

call that the function was defined as a set of ordered pairs. Our only

problem,,then, is to decide whether this is the set or only part of the set.

Closer examination should assure us that there do exist ordered pairs which

we did- not For example, we could trie found a volume which was 4.1f

a glug and filled the bottle in half glug volumes rather than glugs. This

would have given us more ordered pairs, but the relation would still be the

same relation. We are still referring to the volume of water placed in the

bottle and the mark made on the tape. We could carry this even farter and

determi4e just how many medicine droppers of water it will take to just fill

the pill bottle. From this you could proceed to_fill the bottle by adding

water, a medicine dropper full at a time. -4

Since we now agree that the set of ordered pairs we have collected is

not the complete set, then we must agree that the graph we have drawn is not

the graph of this particular function. As the size of the glug becomes

smaller, more glugs are needed to fill the bottle. Figure 10a is, a graph of

ordered pairs when 40 glugs are needed to fill the bottle.
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40

35

30

25

20

IS

10

number 5

f glugs

49

-- graduation
distance

Figure 14

(nun)

15o

number
of glugs

0

Figure 10b

graduation
distance

0
(mm)

If astill smaller glug is used, such as a medicine dropper, the graph would

look somithing like Figure 10b.

What informatiop can you recd from such a graph? We could probably all

agree that there is very little that we could conclude from this graph. .Our

method of graphing worked very well as long as we had relatively few ordered

pairs to graph, but as soon as we extended the number of ordered pairs we

wished to graph, this method became cumbersome and the individual ordeed

pairs had a tendency to lose their identity.

a

6
In the next section, We will develop another method of graphing functions

which is more generally useful.

.3.8 A Coordinate System in a Kline

- In the last section we talked about the idea of-a coordinate system

on a line. Let us p use and review for a moment what we mean by-a coordinate

Isystem on a line. - coordinate system on a line is determined by any pair of

points on it. One point of this pair determines the origin and the other de-

termines the unit-Point. The number zero is designated as the coordinate of
..----

the origin and the number one is designated as ,the coordinate of th it-

point.

When we have indicated the coordinates of the origin and the unit-point

you will recall that every positive number is associated with a point of the
. ..--, ..

line which is on the same side of the origin as the unit-point. Every nega-

tive number corresponds to a point on the opposite half of the line. In

a,
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way the coordinate we have assigned to a ptint tells us two thipgs. It tes
US the distance from the origin to the point, and it also tells us the direc-

tion fran the'origin to t

We have already said that number lines can be drawn in different direc-

tions. This time let us draw one of,the number lines so that it is perpendic-

ular to the other number line. We will call this pair of number lines a

rectangular coordinate system. It is not necessary that the two number lines

be perpendicular to each other, but this is the type of coordinate system in

a plane which we are most likely to see and use.

We will take -the intersection of these two lines as the origin of the

coordinate systems of both lines. Each number line is caller an axis. Often

the axis which extends across.the paper is called the horizontal axis and the

other axis is called the Vertical:axis. Usually the horizontal axis is named

the,"x-axis" and the vertical-axis is named the "y-axis". The plane deter-_

mined by these two axes is called the coordinate plane. Let us agree o

place the unit-point on the horizontal axis to the right of the origin and

the unit-point on the vertical axis above the origin. Coordinates may now be

assigned to all po:ints-on,each axis (Figure 11).
-10

2

1

-2 -1 0 1 2

-1

-2

Figure 11

Because of the way these axes are usually shown in pictures on a chalk-
-

board, it is customary to call lines parallel to the horizontal axis horizontal

lines, and lines parallel to'the vertical axis verV.cal lines.

We are now ready to'define a coordinate system in the coordinate plane.



0

Consider a particular point first, such as Q in Figure'12, and suppose'that

the vertical line through Q cuts the horizontal axis41nthe:point whose coor-

.dinate is 3.

101-

eh

C 1

2

1

1 I

0 1 2

-1

A
Q

1

1

11
13

V

Figure 12

4 5

Let us also suppose that the hoiazontal line through Q cuts the vertical axis

in the point whose vertical coordinate is 2 (Figure 13).

.1?
AT,

Figure 13

We say, in this case, that the horizontal coordinate of Q is 3,that the

vertical coordinate of Q is 2, and that the coordinates' of Q are the ordered

pairg3,2). The point (3,2) is shown in Figure 14.
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2 A Q(3,2)

1

-1 0 1 2 13 4 5.

V

Figure 14

We are now nearly ready fox' the general case. Let P bye ahy point in the

coordinate plane. By the method we Just discussed, the point P has a hori--

zontal coordinate and a vertical coordinate, which we refer to as the coor-

dinates 'Of P. The coordinates of P are considered to be an ordered pair of

real numbers in which the horizontal coordinate is the first number of the

pair and the vertical coordinate is the second.

If we consider the vertical. line which we draw through the point Q,,we

note that the horizontal coordinate of every point on this line is /3. In

fact, we might refer to this line as .a set of ordered pills whose first

element is 3 and whose second element is a coordinate number. Sometimes we

see this last sentence written in symbols as follows: ((x,y): x = 3 and y is

any coordinate number). In this notation the colon, ":", is'react "such that"

and the sentence is read, "The set of Ordered pairs x, y such that x is 3 and

y is any coordinate number."

Similarly, the set of ordered pairs whose first element is any coordinate

number and whose second element is the number 2 would be the horizgntal line

which we drew through' the point Q.

Suppose wq now wish to graph the ordered pair of numbers (5,1) as a

point on the coordinate plane. We would first consider the set of ordered

pairs whose fi t element is 5. This would be a vertical line which cuts

the horizontd axis at the point whose coordinate is 5 (Figure 15)._,
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Figure 15

Then we would consider the set of ordered pairs of numbers whose seramk element

is 1. This would be the horizontal line which cuts the vertical axis at the

point whose coordinate is 1 (Figure 16).

3

0 1

Figurft 16

The intersection of the horizontal line. and the vertical line

whose coordinates "are the ordered

is the point

(5,1),, as shown in Figure 17.

77 8 t
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Figure 17

The horizontal, line and the vertidal.line are rarely drawn. on the graph.

Usually the person graphing the point visualizes these lines in his mind and

places a dot on the coordinate plane at the point where tie two lines inter-

sect. In order to be clear, the graph should be labeled with the ordered pair

which indicates the coordinates of the point.

Example:
Plot cps coordinate plane the following set of points:

((2,1), (3, -1), (-5,0), (-4,3))..

A

3

2,1

5,

,0)

4 t
-1

-3

0

7
"7
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Exercise 4,

1. On sqUired graph paper draw a pair of axes and label them. Indicate,

the coordinate system on each axis.

(a) Sketch (with a straight edge) a line which represents the set

of points whose horizontal coordinate is 5.

(b) On the same coordinate plane sketch a line which represents the

set of points whose vertical coordinate is 5.

(c) How many points do thesd two sets have in common?

z

(d) Write as an ordered pair the coordinates of every poinipdf inter-

section of the sets graphed in (a) and (b).

2. Repeat Problem 1 for the set of points whose horizontal coordinate

is and the set of points whose vertical coordinate is 8.,

3. Repeat Problem 1 for the set of points whose horizottal coordinate°

is a and whose vertical coordinate is 3. A_

4. Is the point of intersection of the two ats in Problem 2 the same
.

point as the point of intersection of the two sets in Problem 3?

Why?

5. (a) Plot on a coordinate plane the following set of Points:

1(0,0),,(-1;0), (1,0), (-2,0), (2,0), (-3,0), (3,0))

(b)- 10 all tli&points in this set semi to lie on the same line?

(c) 'What do you notice about the vertical coordinate foreach of..

the points?

6. (a) Plot the pchnts in the following set: ,,

(C0;0), (0,-1), (0,1), (o, -2), (0,2), (o, -3), (0,3))

('b) Do all the points named in this set seem to be on the same line?

(c) What do you notice about the horizontal coordinate for each of

the points?

7: Ta) Plot the points in the following set:,

((0,8), (1,6), (2,4), (3,2), (4,o))

(b) Do all-the points named in sex seem to lie qn the same

line?

E. Fite the coordinates of each point in the' following graph as an

ordered pair::"

r
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If both of the coordinates are zero, the point is the origin. If the hori-

zontal coordinate is zero and the vertical coordinate is positive, we say

that the point is on the positive vertical axis, but if the vertical coor-

dinate is negative, the point is on the negative vertical. axis. In a

similar manner, if the horizontal coordinate is positive and" the vertical

coordinate is zero, the point is on the positive horizontal axis; with

horizontal coordinate negative, vertical coordinate zero 'tells us that the

point is on the negative horizontal axis.

Exercise 2

1. Given the following ordered pairs of numbers, write the number of the

quadrant or the position on an axis in which you find the point repre-

sented by each of these ordered pairs:

(a) (3,5)

(b) (-5,1)

(c) (1,-4).

(d) (-4,4)

, (0,0)

(f) (0,5)

(m) (2,-4)

(n) (5,2

(0) ( 04.

(P)

(q) (-1,2)

(3,-1)-

3.10 Graplid.n. an Experiment

Let us go back and look at the two experiments we performed earlier F.

in this chapter.

You will recall that when we balanced the books on the edge of the

table, it was suggested that we might collect the following set of ordered

pairs:

4 M5
((1,12), (2,18), (3,22), (4,25), (5,27)).

At the time, did not classify this relation as a function. In this par-

ticular case we have.5 elements in the domain and 5 ordered pairs. This

tells us that each element in the domain appears in only ()tie ordered pair.

Another way of saying this would Pe that there is only one maximum overhang

for a given stack'of books balanced on the edge of the! 'able. By definition,

%

this relation is a function.

Similarly, in the irregular bottle experiment we obtained a collection

of ordered pairs which make up a function.
S.,,4

-

Let us graph each^,;ofethese%functiont, on a coordinate plane and see what

81:
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we can conclude from these two graphs. -

In both cases the elements in the domain will contain no negative num-

bers. It is certainly ridiculous to balance a negative one book or pour a

negative two glugs of water into the ern Ix bottle. It should also be

obvious tlypt the range of each of these,functions will contain no negative

numbers. TWA tells us that the functions will be limited to the first

quadrant, therefore when we draw the axesikfor each graph there is no need

to'show the other three quadrants.

The graph of each collection of ordered pairs might look something lik

this:

Number books in stack

Domain: 11,2,3,4,5)

E 36

ct'l 32

28

1 24

20

0)

16

12

C)
8

03

E13
4

N-4

i 1 1

1

I
. 0

0

00
a

0 -

0 t

0 '

0
t

'0

0

0°
0°

0 2 4 6 8 10 12 14 16 18 20

Number of Glugs

Domain: (0 and 15 and all

numbers between 0

and 15)

4 0 Figure 19
, .

You will notice that in each case we-yere careful to indicate the scale

being used on each axis. It isn't always
necessary

to use a unit-length on

the hciriltontalaxis which is equal:in length to the unit-length on the

A, vertical axis, hilt care should be taken not to become confused when these

different unit-lengths are uped. The horizontal axivand the vertical axis

should always be labeled to indicate the domain and the range of the
1,52R:,____.

Plot the data you obtained for the irregular btbttle experiment on a
4 1

,. q

rectangular coordinate system. Notice that the numb r of glugs are plotted
..-

along the horizontal axis with even spacing! You maY use any convenient unit

1 1 p-4,..
',/-
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of length on this axis.

Can you see any relationship between the shape of the bottle us eiand

the shape of the graph formed? What do you think was the shape of the bottle

used to-'get the data plotted in Figure 19?

The boy who did the experiment made a mistake and made one of the marks

on the tape slightly away from the right position. By looking at the graph

of. Figure 19 can you see at what point the mistake was made?

Nolewe should ask if each of the,graphs is a complete pictorial repre-

sentation of that particular function. Remembering that we have defined a

function as a particular set of ordered pairs, our problem is simply this:

"Does the graph indicae.all the ordered pairs of the function and only the

ordered pairs of the function?"

The graph of the "book balancing" function is complete. There were only

five books in the s of books. At no time did we perform an intermediate

task of balancing a raptional part of a book. So in this case the domain

of'this function i e set which indicates the number of books in each stack

(1, 2, 3, 4, 5)

The ordered pairs collected in the irregular bottt experiment defined 4er

a function. It is possible to find other ordered pairs that have the same
v.

relation. This could be accomplished by using parts of glugs.

.We should be able to see that the problem of actually mersuring ex-

tremely small amounts of water and the effect these would have on the depth

of the water in the bottle becomes impossible to determine. Our technique
7

of adding water and measuring distances just isn't that accurate, and we

certainly don't want to take tile time to attempt this kind of measuring if

it isn'tnecessary. Is it possibAl, then, for the graph to tell us about

ordered pairs in the set which were not the,retuat of direct measuring? In

other words, can we use the graph to make reasonable predictions of other

ordered pair in this sets which de ines_the funttion?

Let uS pause for a foment and, think

function. I there such a volume as
2

gl

if we measured these voilMes but merely a k if such volumes exi

you decided that the capacity of the bot e was 5 dugs. This

then, that the domain of this function w ld be4the numbers 0

numbers between 0 and 5 which could 15e sedi.as a measure of vol
(

carefully about the domain of this.

g or .9632 glugs? We do not ask I

again look at the graph of the.ordered pairs collpcted in this

This time, however, let us show the graph of the,domaid on the

83 9 0 or.

t. Suppose 41

dicates,

d 5 and all

. Let us

xperiment.

orizontal
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axis. We can accomplish this by plating a dot at the 0 coordinate and a dot

(.'t 5 coordinate and connecting these dots with a solid straight line along

the horizontal axis.

1 2 3

Number of glugs
Figure 20

This solid line segment along the horizontal axis clearly shows the domain

5

of the function, By definition of ek function, we show that every number in

the domain Must be aociated with a unique number in the. range. Clearly,

our graph does not show all of these ordered pairs, and we may not be able

to predict other ordered
_,----

pairs. However, we might again think of our ob-
AW

gervations as we filled the bqttle with water. As we added the water, the
. . .

depth increased. At no time did the addition of any volume of water cause

the depth tp decrease. 'At the same time,,though, the depth increased grad-

ually or smoothly. The addition of smll amounts'of water did nil cause

great jumps in the depth of the grater. These observations should lead us

% to predictthat the pdinis we have graphed should be connected by some kind.
.

,
of lint This line Should probably be a smooth curve --/ rather than a

series o connected Straight line segments ...../- . Also, these ordered

Si . _pairs on the liine should have the property that as the elements in the domaln

get larger, the corresponding elements in the range also get larger until. it
. N

reaches a maximum value of 40. Prom this we can see that the range of the

function is4the number Op the 'number 40 an¢ all number etween 0 and 40.

8
14,1

(.;
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Figure 21

. We realize, of course, that the points on the curve, other than those
4

poipts we actually plotted, are really.only a prediction of what the gradua-

tion depth would be if we were to measure that particular amount of water

and place it in the bottle. Taking more measured and plotting these"liould

give us a better basis upindkhich to make.the prediction of the actual shape

of the graph.
.1.04

Exercise -6

10

In an experiment a solid material was heated over a burner. The temp-

erature was recorded as a function of the time it hook the material to

reach a definite temperature. Let the domain be the set of all times

Pram the beginning of the experiment to 18 minutes later, and the range

be the set of alltemperatures from 20°C to 200°C.

(a) Draw a horizontal and vertical a.)48 and place thetapiropriate

labels for the domain and rangd on these axes.

(b) Mark the daiain on the horizontal axis with a heavy dark line

as in Figure 21.

Mirk the.range on the vertical axis.'

Plot the following ordered pairs which'were.collected while doing

the experiment: (0,20), (2740),.(4,60), (6,80), (8,81),.(10,82),

( 12, 83) , A 14,12o) , (16,i60), (18,2oo)

(e) Connect these points with a "smooth" curve.-

(e)

(d)

85
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(f) What temperature would you predict for the material at the fol-

lowing times: 1 minute, 5 minutes, 9 minutes1,17 minutes?

- (g) At what time would you predict the material would have the fol-

lowing temperatures: -70°C, 100°C, 150°C, 180°C?

2. The

men

abov

following graph was drawn from information gathered in an experi-

dealing with a ball thrown into the air/ The height of the ball

the.ground was_plottea as a function of the time it took the ball

to r sch a definite height.

-(a What is the domain of

this' ianction?

t44.
(b) Whpt is the range

o1 this function?

(c) How high would you

'predict th9 ball

would be After 2

4
'second?'.

. I

250

200(H.

+4 1 0
.0

0
100

50

0
0

Vie, (sec)
(d) How long had the ball been in upward flight when it reach

.heigirrof'125 ft?

(e) How long had the ball been in flight:when it desCended to

height of 125 Aft?

(f) Can anything meaningful be said concerning:the he ght of the

ball /after JO seconds?

8

3.11 Summary 4. .

.44)

In this chapter we introduced the idea of using ordered pairs to show

the relationship betweeffthi elements of two sets. A set of ordered pairs is

called a relation. The set'of all first elements of these ordered pairs iset
called the domain of the re ation. The'set of all second elements is called

the. range of the relation. I

""-When no element ofthe domain corresponds to mor,etha one element of
ti'

the range, the relation is called a function.

The graph of a relation helps us to see the inibrniEkli contained ina
,v

4i:
relation. A rectangular coordinate system is cgmnonly uie4 to[provide the

framework' for graphing a-relatlon.

domain and the vertical axis to the range.

The horizontal axis correaponds to the

The graph of .a rel4rtion will; be

eked a great deal in the next chapter..

a 86 1
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Chapter 4

THE LINEAR FUNCTION

,10

4.1 Graphing Linear Functions Through the Origin

For l5 you can buy three packs of gum. So six packs would cost 30.

Naturally you would expect three times that many packs to cost three tim4 as '

much\ The cost is proportional to the number of packs purchased. In a simi-

lAway the di ce a baseball travels is proportional to the force with

which it is hi`. Th ar the batter hits the ball the farther it goes.Nd
ere is a third example o this simple kind of relation. The height of a

stack of two-by-fours is proportional to the number in the stack., Stack ''

height and number.of pieces increase or decrease in the same ratio.

Many functions in whicha changes n one quantity causes the other

quantity to change in the same ratio. Triple the number of sacks of c

on a scale and the weight triples. Allow a faucet to run only half as lo

and only half th4 amount of water flows out.

Not all functions are of this simple kind. Think, for instance, about

height and age. Are your height and age changing in the same ratio? When

you are three times as old will you be three times as tall as you are now?

-- Fortunately, -the ratio of height and age does not stay the same.

In this section we are going.to limit our study to those things that

Change in the same ratio, Pike weight and the number of identical items

weighed. We shall stall with an experiment because it will reveal what the

graph of this kind of relation looks like. What are the quantities we will

graph? They are the lengths of two objects, a new piece of chalk and an un-

sharpened pencil. Both of these lengths will be measured in a variety of

units. The measurements will give a set of ordered pairs. Finally, we will'

graph this function to see what it loOks like.

The lengths of the chalk and penc 1 should be measured inat least ten

different, units.. You undoubtedly think of the indhand the centimeter first.'

Measure the lengths of the chalk and the pencil in inches and record this or-

dered pair in, Table 1. Now measure the tiangth of Ile chalk and the length of

the pencil in centimeters. Record this ordered pair in the table.

The rest of the length measures of the chalk and pencil: will be made

with scales you do not ordinarily think of as rulers. A piece of lined loose

87,



leaf or notebook paper is such a length scale. Lay the Piece of chalk on a

sheet of lined paper with one end of the chalk on a line. Count the number.

of spaces spanned by the chalk on the lined paper. Estimate thp wiperest tenth

of the final space. Use the same sheet of lined papef to find the length of A'

the pencil. Record this ordered pair in-the table.

A variety of other graduated objects are listed in the "measuring device"

column of the table. lite as man,/ of these as are available to find the length

of the chalk and the length of the pencil.' You should add grkluated objects

of you'r own discovery to this list.so that youV.ave at least ten measuring de-

cvices. Look around the house for objects or in magazinesand newspapers for

pictures that have equalli spaced marks on them. Anything with equial divi-

sions can serve as a length measuring scale. Eery measxrement should be made

to the nearest tenth of a scale divislon.

"L

I

Measuring device Length measure
of the chalk

Length measure
of the pencil'

Ruler (inches)
)

Rulei (centimeters) .

Ruler (feet) f

Ruler (meter)
.

Notebook paper
0 .

Ordinary_graph paper

Thermometer ,..,

Crossword puzzle

Graduated cylinder

Lines on a printed page
- ,

Bea chain (from a bath,

I"
t b stopper)

Table 1

Let's plot these ordered pairs as points on a graph. The domain will

be the length measures of the chalk. The range will be the length measures

of the pencil.

When all the points have been plotted lay a rul o that its-edge is
''

...

on the two point at'are farthest apart. Where are the eight in- between

points? The re a ity of these points is evident, isn't it? Did you ex-
.

pect them to line 1 that way?

If one of your points is off of the line of the others, go back44

88
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remeatiure the chalk and pencil using that unit again. You will probably find -

that you made an error the first time. There's anothr feature of this graph'

worth noting, Align your ruler with the poihts again. Do you have to shift

',the ruler much to get it on the (0,0) point? Do you think the origin ought

to be on line-with the experimental points? Observe thatethe measuring deviCe

with the largest unit gave the point closest to the origin. the measures df

the lengths'of both the chalk and the pencil decrease as the measuring unit

increases. The larger the unit the smaller the Measure. If you were to

measure the Chilk and pencil in ides, for sample, both length measures would..

be very close to zero. The experimental points should be in, line with the

origin.

A set of points are linearly related if 'hey lie on a straight line.

Since all the measuredlents you've made give ordered pairs whose points lie on

a straight line, draw a line through them. This line passes through many

points in addition to the ten or so you've gotten experimentally. Whatfabout

all the other points on the line? Does every one of them belong to the rella-

tion? If they do belong, we call the relation a linear function. If they do
s

fidt'beloni, we call the relatidn a discrete function in which the ordered pairs

"-are linearly relied. By the proper choice of length unit-, any one of the

ordered pairs could be made'to appear in the table. EVery point does repre-

sent the'lengths of the, chalk and Pencil in some unity Consequedtly, an un-
-.

broken line should be drawn through the experimental points.

To. emphasize that.a continuous liurshould be drawn to represent the

fAnCtion, let's think about an examp le of function thdt is represented by

a set ot,points:through lich no line should be drawn. The ordered pairs,

consisting of the number of two-inch cubes in a stack and the corresponding
P

height of the stack, is a good example. Here's the graph.

20

0 , 5 10
Number of cubes

Figure 1 ,
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The height increases by two inches for each cube added to the stack. Stack

heights of 1, 3, and 5 inches, for example, can never occur. This is called

a discrete function because the domain includes only the integers and the

range includes only the even integers. The points should not be joined by

a line even though they lie on a. straight line.

La's see if there is a linear reiati6n between the measures of lengths

measured in feet and in inches. Measure the length of the objects listed in

the following table in feet 'and in inches. Record these ordered pairs in

the table.

inch measure foot measure
ip

Length of the desk

Height of the chalk trough

Length of this page

Width of the door

Table

Now plot these ordered pairs. Foot measure should be graphed on the horizon-

tal axis and inch. measure on the vertical axis. Can you align your ruler

with all these points? Should the origin be included? (That's the same as

asking: does zero inches = zero feet?) Is the graph of the'relation between

inch and foot ineasures continuous? Is the function linear? If so draw a

straight line thrOugh the points.

In case you need more practice on discovering linear relations, fill

in the blanks in the next minute-second function table. Here's the way to

do it, based on the first time interval shown in the table. It takes two

minutes to fall asleep. Two minutes equals,2 X 60 = 120 seconds. Write

120 1,n the number of seconds column.

Time ;nterval ' minutes measure seconds measure

Time to fall asleep 2

Time to soft boil an egg 3
.

Time to run a mile 240

Time for a TV commercial 90

Length of recess period 5

Table 3

Plot these Orderedipairs. Number of minutes should be on'the horizontal axis.

Does the function in8lUde'the pair (0,0)? That's the same as asking, does

90



zero minutes equal zero seconds? Is the function continuous? Is the func-

tion linear? If so draw a straight line through the points.

Exercise -1

1. Which of these graphs-represents a linear relation?

ME In
'

,

a Nei 4,..,'1

11

111111111111INrer ..

i ,-
' ,

......iv
I .

(a)

2. The table shows the

corresponding lengths

of the side and

perimeter of a set of

1 squares.

(a) Supply the numbers

missing from the

table.

Graph the'data to

see if the relation

is linear.

3

(b)

-

- _ .

(b )

-

(c)

Square
Measure
of a side

Measure of the
perimeter

A 1 '4

B 3 ..

C 10

D 6o

E 22

F 12.5

The graph is that

of a linear function.

Complete this table 10

from the graph. . 5

4. Is the function x

shown in-this 1 4 /

table near?

A

0

5
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4.2 Representing Linear Functions by Sentences

A further study orthe linear relations which we have already graphed

will show a way to recognize this kind of linear function without graphing it.

First look at the ordered pairs in the minute-second data table. (See Table

3.) The measure of any time interval in minutes is smaller than the corres-

ponding measure in seconds. The number connecting any ordered pair in this

table is 60. Multiply any number of minutes*by 60 and you get the corres-

ponding number Of secqnds. This fact can be written in sentence form:

Seconds measure = 60 x Minutes measure.

Would a similar statement describe the relation between' the measure of

any length in feet and corresponding measure of the length in inches? Is

there some number by which you can multiply, feet or inches to get the equiv-

alent value of the other measure? Which of the following is it?

number of fret =.12 X number. of inches

number of rIclies = 12 X number of feet
0

The same type of sentence cane written to describe the relation Be-

tween the Measures of the length of a piece of chalk and a pencil. These

measures were recorded in Table 1. You can easily find the number connecting;

the two elements of any ordered:pair in this table. To do so divide any

length measure of the pencil by the corresponding length measure of the chalk.

(The quotient should be between 2 and 3 since the pencil is a little over

twice as long.es the chalk.) Record this.quotient in the blank Column of

Table-4.

Measuring device
v

i

Pencil, length

÷ chalk length

Ruler (inches) .
.

Ruler (centimeters)

Rulerc(feet)

Ruler (meter)

Notebook paper
:

Ordinary graph paper

,Thermometer ,

Crossword puzzle .

Graduated cylinder -

.

Lines on a priqed page

Bead chain

'Table 4 -J
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Find the quotient fox all the other ordered pairs. Record each in its proper

place.in the quotient column. Add all thesesquotients and divide the sum by

the number of Iluotients Thisaveragy is the number the chalk length must be

multiplied by to get the pencil length. This is a third function that can be

written in sentence form.

Pencil length = Some number x Chalk length

ro you see how similar the verbal statements of these three linear
functions are? A ?

Seconds measure = 60 x Minutes measure

'Inch measure = 12 x Foot measure

Pencil length = Some number x Chalk

/lengthAll these linear functions can be stated in the same way:

The measure of Some The measure of
one quantity number the other quantity.

Whenever a function can be described by a sentence of this form it is linear.

Its graph is a straight line through the origin.

Exercise 2
. 4

1. Fill in the missing numbers:

(a) Number of feet = x Number of miles.

There are feet in 3 miles.

(h) Number of quarts = x Number of gallons.

There are quarts in 8 gallons.

(c) Number of hours = x Number of days.

There are .hours in of a day.

(d) Number of ounces = x Number of pounds.

There are ounces in 20 pounds.

(e) Diameter of a circle = X radius.

..2. Write the relation between:

(a) Pounds measure and the corresponding tons measure.

.(b) Foqt'measure and the corresponding yard measure.

(c) Hours measure and the corresponding minutes sure.

(d) Cubic foot measure and the corresponding cubi yard measure.

(e) Year measure and corresponding .day measure.

(f) The circumference mid the corresponding diameter of a circle.

93r,
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3. A meter is longer than afoot. The number relating 'them is approximately

3.28. How' would you write this relation?

4. A gallon' is a smaller volume than a cubic foot. The number relating
4

corresponding measures is approximatelyr1 . Write the relation between

a number of gallons and the corresponding number of cubic feet.

5.. In the preceding four problems thirteen linear functions are described.

Can you give additional examples of linear functions?

4.3 Functions of the Form: y = mx

All the linear relations we have studied can be written in similar form.

Here are a few of them.

(a) Number of minutes = 60 x Number of hours

(b) .Number of inches = 36 x Number of yards

(c) Circumference = n x Diameter
0

These statements look even simpler when letters are used instead of words.

,Th the place of:

9

Number of minutes write m

Number.of hours write h

Number of inches write i

Number of yards write y

Circumference write c

Diameter write d

and the three statements become:

, (a) M = 60 h

(b) i = 36 y

(c) c = n d
0

. When the statements are Writteq in this brief, symbolic w'ay they are called

equations. Notehow much alike these equations are. Each contains two let-

ters and one number. Notice that the equations are true for thesets of

ordered pairs as follows:

(a) (h,m) 0

(b) (Y,i)

(c) (d,c)

_where the letters in the ordered pairs have the 'same meanings as above.

,
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Convert these sentences into equations:

(a) Centimeter measure = 100 x Meter measure

(b) Pint measure = 8 x Gallon measure

(C)9 An automobileistraveling at a speed of 50 mi/hr.

Number of miles traveled = 50 X Number of hours.

All have the form

y = tip(

This is the equation of a linear function whose graph is a straight line

through the origin. For example:

it m 60 h 0

36 y

c = g d

The identical arrangement of the two letters and one number in

fdnctions suggests a further simplification:

where y stands for m, i or c

x stands for h; y or d

m stands for 60, 36 or n

'Exercise 2

1. The linear relation:

e linear

Number of minutes = 60 x Number of hours

becomes m = 60 h

when written as an equation. Use this equation to complete the following,

statements: .°

(a) If h = 3 hours, m = minutes.
.

04
1

) If = hour, m = . ° minutes.

(c) If m = 300 minutes, h = hours.

(d) If m = 20 minutes, h =
et.

hours.

0%

2. A car averages 20. miles on agallOn-of gas. Write the equation relating,,

number of milds iraveled"to number of gallons of gas used.

3. ,Complete the table using x y

this linear relation: ,

y . 4x. :
1

2-

'1 12

22

2,5

95 1 0 2



4. U.S. paper money is available in bills of the following denominations:

$1,42, $5, $10, $20, $50, and $100.

(a) Make a table showing the equivalent number of quarters of each of

these bills.
4

(b) Graph this set of ordered_pirs.

(c) Is this giaph continuous?

(d) Write an equation relating the value (Arany bill in dollars and

the equivalent number of quarters.

12.

4.4 Slope

.;
Previous sections have considered linear functions whose graphs are

straight lines th.rougIT the origin. We discovered that such functions can be

,`represented by an equation,of the form y = mx. Here's a review of these ideas

in terms of an example.

(a) Knowing that'49.seonds = 1 minute, It

we 'can write the equation:
2 ,

Number of seconds = 60 x/Number Of minutes

s = 6o ta,

4 (b) °Ilse the above equation to

complete thetable.

(c) Finally,'

note that the

completed
200

6

table gives 0

g 150
this .graph.
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0
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Take note of the order of. these -three steps:

(a) We staijed with an equation.

(b) Mad$ a table of ordered pairs.

(c) Plotted these pairs ajid drew the line.

It is often quite useful to do,these steps in a different order. For

example, when a scientist performs an experiment, he dbes the following:
---

(a) He makes measurements which give him a table of ordered pairs.

(b) He graphs these pairs gnd draws a line through the points.

(c), Finally he iigures out the equation of the function trom the graph.
.

, Here are these two procedures, side by side, so you can compare them.

(a) Equation

.4.4 Table

* (9) Graph

(a) Table

(b) Graph

(c) Equation

We will now learn how a scientist goes from the graph tc1. its' equation.

All 1,inear function's who graphs are straight lines through the origin
r

I have an equation of the form:
-)

Y =

4

These examples will refresh your memory:

(a) Diameter of a circle = 2 x rahus

(b) Number, of feet = 3 x Number of yar,ds

(c) Number of quarts = 4 x 'Number of gallons

d = 2r

f = 3y_

q

(d) In.general y = mx

All of these 'equations look the same except for the value .of m. The graph

.1' of each equation is a straight line through the origin as shown in Figure 3.
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These linear functions differ in two ways:

(a) The tquationsheve different values for m.

(b)^ Each graph of these lineal: functions has,a different rise from

left to right.

NOTE: The larger the value of'm, the steeper the rise of the line. Since

m controls the steepness\of the line it is called the slope ofethe line.

Let's use the graph of. the equation q = 4g to discover the method for

finding the value of the slope, m.

r 7 ' T -
16 t 1- 4-i-

' 4... - .
y -T

4 T. - +---- Y ..- -* 1- y'- ....... .- y -1-,
1-

12
4

^t 17-4- --
-+- tit"1-

.
-,_r-

-I,-0 y .

$.1

12 - 4 = 8 (rise ),

-

0.!

4 .

I- 1

4- .
1 + r -3- +

+4.

( 3 4)

. - -
(run )-7-

. -
-

1 2 5
g (number of gallons)

Figure 4

4
4I

The equation of this line is q= 4g so its slope, m, is 4. Here's how to.get

the slope, 4, from the graph.

(a) Select any two points' on the line. Let's use (1,4) ;and .(3,12).

,(b) Draw a horizontal line (shown dotted) from point (1,4) to the right.

(c) Draw a vertical Line (also dotted) from (3,12) down to meet the

horizontal dotted line. They meet at the point (3,4).

(d) Find the difference,called the rise, between the ends of the vertical

dotted line: This difference is 12 - 4 ='8.,

(e) Find the difference; called the run, between the ends of the hori-

'iontal dotted line. This difference is 3 - 1 = 2.

(f) The scope, m, has the'vslue:

rise vertical difference 12 - 4m = 4.
run horizontal difference 3 -

98
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It's worthwhile repeiting that the slope, m, can be found from any tw'o

points.on the line. We have just used (1,4) and (3,12) to get m = 4. Let's

find the slope, 4, using the points (0,6) and (4,16):

(a) Draw a horizontal line from (0,0) to the right.

(b) Draw a vertical line from 44,16) down. These two lines should !fleet

at the point (4,0).

(c). Find the rise and run.

'(d) Do you agree that m=
16 --o
77:7 4?

Exercise 4

1. Use the points (3,12) and (4,16) to find the slope of the line graphed

on page 98.

2. Find the slope of these four lines.
D

25

20

15

10

5

t

TTTT-- ""', - 4.- -
-4- 1-4 4-

1- 4-

T t

Ct

0 5 10
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t
"4- 1' '1 r

+

-1 1

;

15 20

3. The. graph relating the measures of time intervals in seconds and minutes

is shown in Figure 2. What is the slope of this graph?

4.

es

If you were to graph the following equations, what would be the slopes

of the lines?

(a) d = 365y

(b) q = 16p.

(c) y = 3x

A
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the amount is slight,,even unnoticeable to the eye, but it is always there.

The purpose of the experiment is to discover the relation between the

amount,a coat hanger bends and the load hanging on it. Follow these de-

tailed instructions to do the experiment.

Attach an unsharpened pencil with cellophane tape to the top of the

desk so that about one-third of the pencil extends beyond the edge. Lay

several books on top of the pencil to keep the tape from pulling loose..--

A
COAT HANGER

Figure 5a

Paper,clips are separated

to indicate position of

pointers A and B.

Figure 5 b
.

Pointers live been shaded

and Clips have been joined

by tape. .111°

Figure 5
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Study Figure 5 carefully before you attempt the next step. Bend up the

inside loop of two jumbo size paper clips to form pointers. (The pointer

..shohld be perpendicular to the body of the clip.) Slip the two clips on the
cfe

bottom side of the hanger. The pointers should extend in opposite directions.

Tape the clips together to form a single hook for the masses.

Hook the hanger on the pencil. Slide the paper clips to the exact cen-

ter of the hangpr. Tepee ruler to the side of the desk, in such a position

that the paper clip pointer is aimed at some centimeter mark on the ruler.

With a set of masses at hand you are ready to begin the experiment.

4

Figure 6

Hang a 100 gram mass on the clip and measure, to the nearest milli:Meter,

the Amount the hanger bends down. Record the mass and the amount of bend it

eaused in the data table.

M (mass in gm) B (bend in mm)

0 0

100

200"

etc.

Table 4

4

Increase the mass to 200 grams and measure the total,deflection (bend) it

produces. Record this pair of numbers. Continue to add to the mass, 100
...

grams at a time, until you've reached 1000 grams. For each new load theasure

the corresponding total bend and record this ordered pair in the table.,

102



The complete data table is a set of ordered pairs showing how the bend

in a coat hanger is related to the load on it. Another way to display this

function is to graph the ordered" pairs. If the graph turns out to be a

straight line through the origin, thb function can be written as an equation

of the form:

B = mL

where B is the bend, L the load and m tha slope.

Make 'a graph of these data. Plot load on the horizontal axis and bend

en'the vertical axis. If the points approximate It straight line dia4 the

best straight line you can through them.

Determine the slope, m, of the line. Put "this value of the slope into

the equation

B =raL

and you have the equation of the line.

EXercise

1. Suppose there is a linear relation between 'She amount a diving board

bends and the load an it. Then it would be like the coat hanger.

(a) Ifthe board bends down 1.5 inches when you (120 pounds) get on

it, what would be the total bend when youT friend, who also.weighs

120 pounds, joins you?

(b) Suppose you exert a force of 400 pounds on the board when you

jump on it. How much will it bend?

2. Make a data tablei and a graph of the linear function described in
,---'--

Problem 1. What s the s1915.6 of this line?

What is the slbpe \and)/the equation of each of these lines?

25 r-T
-0-

- -- --- - 4--- 1.- - -/-,... 4' -- ..... - -20

. .

15 .... 4 : - -

-44.--t

10

5 -4-- -.4-
-4--

0 5
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4er A gas station attendant could use the following graph to figure out how

much to charge a customer for the Iss he puts in his tank.

_ (a) What is the
- I

0 slope of the

line?

(b) What is the.-

cost of 8

gallons of gas?

(c) What is the cost .

of 6.5 gallons?

(d) Write an equation

that could be ..

4.50

3.00

ro

ro

3

5 10 15

g (gallons) used to figure

gasoline bills.

4.4, graphing Linear Functions in General - Spring Experiment,

Do-you think you mould lift an object that weighs as much as, you do?

Some neople,can do it. They have built up their strength gradually rough

muscle developing exercises. A popular arm strength developer you prob bly

have seen is a set of sprAngs with a handle at. each end.

<1

--5SSIUSIMISW
ASIallanntt--)11

Figure 7

You can hold one handle in each hand and pull in opposite directions or you

can put°a foot through one handle and pull up on the other with one or both

hands. Why cah your, dad stretch the springs farther than you can? The reason

is no secret; he's stronger. What causes a spring to stretch? What deter-

mines how much it stretches? to you think there's any relation between the

pull on 'a spring and its length? Let's try to tin4 out. Tape a pencil to

the desk., Weight the pencil with a couple of books to keep the tape from

pulling loose. Slip one end of the spring your teacher has provided over the

to4



pencil. Let the spring hang vertically so that the free end can stretch down-

ward. Pull down on the fee end with a weak force. Now pull harder. Was

there any change in the length of the spring? Does it become twice as long

twice the pull? Of'course you couldn't find out the relation between the

14h and pull by this simple experiment because you don't know how much you

changed the pull when you went from a weak to a stronger pull.

To discover the exact relationship between the length of a spring and the

pull on it a more careful experiment must be done. Instead of pulling down

with your hand, hang an object of known mass on the spring. If you start with

a 200 gram mass and them replace it by a 400 gram mass you will have exactly

dOubled the pull on the spring. Do you think the length of the spring with

a 400 gram mass lianging on it will be twice the length for a 200 gram mass?

First hang a 200 grai mass on the spring and measure its length. Here's a

diagram that may help you understand how to make the measurements.

Figure 8

. Sofar you have one set of meg ements, a mass of '200 grams and the

corresponding length of the spring. Make a data tabielike:tha following

and write this ordered pair in

Number of grams Number of centimeters

200

Table 5

105,
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Now double the mass hanging on tde spring and measure the length of the

spring. Record this pair of numbers in the data table. You doubled the

weight pulling on the spring. Did the length of,,the spring double? Clearly

the relation between the length of the spring and the mass hanging on it is

Still unknown.

Perhaps the equation for the relation can be found from a graph. Tb

make a graph more pairs of mass - length numbers are needed. Add another

100 grams to the mass hanging on the 'spring and measure the length. Record,

the ordered pair in the data chart. Oontinue to addmassei, 100 grams at

A time, until the spring has stretched to about three times its normal length.

Every time you add 100 grams, measure the length of the spring and enter this

length and the corresponding mass in the table.

Make a graph of your data, plotting the measures of the mass on the

/----------korlzontalaziaanjth e...messes of the spring length on the vertical axis.
.

DM/ the best line you can through the points.

This graph differs, in one striking way, from the other straight lines r

we have found so far. It does hot pass through the origin. Th;ns indicates

. that the spring length does not change in the same ratio as the mass hanging

on it Of course, you discovered this fact at the start of the experiment

when you doubled the mass and found that the sprirlg's length didn't-double.

Now, you see how the graph shows it by failing to pass through the origin.

Let's see if we can find the equation of this line even though it doesn't

pass through the origin. Suppose we consider an equation of the forms

L = mM

where L = spring length and M = mass stretching the spring. Find the slope

of the spring graph and put it into this equation. Now complete the following

'table of-ordered pairs from this equation.

M (grams) L (centimeters)

0

200

400

'''

,... 600

etc.,

Table 6

o Plot these points on the same graph paper you used for the spring experiment.

Draw a straight line through the points. Evidently L = mM is not the equation

/
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of the line gptt n from 'the spring experiment. The best we can say for L = mM

is that it is e _equation of a line through the origin that runs in the same

direction, or, in other words, has the same slope as, the spring" line.

Next, we will show how to get the equation of a line, not through the

origin, when you know its slope. The line whose equation we seek is the

solid line in this diagram.
y
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Prove to yourself that the slope of the solid line is 3. Another line with a

slope of 3 has been drawn. It's the dotted line through the origin. Lo you'.

agree that the equation of this dotted line is:

",21)

X

y = 3x.
.Watch how this equation can be used to get points on the solid line.

(a) When x, in y = 3x, is replaced by a number, say 3, y's value is

9. Hence (3,9) is a point on the dotted line. If we add 12 to

9 (12 is the vertical distance between the solid and dotted lines)

the result is (3,21),,a point on the solid line.

(b) Try this for another value of,...x..,--eay 7. For x = 7, y = 21. Add

12 to 21 and we get (7,33), / point on the solid line.

Here's a third.-trial. For x = 4, y = 12. Add 12 and the result

is (4,24), a point on the solid line.

In general the y-coordinate of a point of the solid line is obtained

by multiplying the x-coordinate by the slope, 3, and then adding 12. Points

r



are found on the

dotted line from the equation y = 3x,

solid' line fromthe equation y = 3x + 12.

Therefore, y = 3x + 12 is, the equation of the solid line. The 3 is easy to

finch; it's the slope of the line. The 12 is also easy to find; it's the

y-coordinate of the point where the line crosses the y-axis. This coordinate

is called the y-intercept. Its symbol is b. Hence the equation of Raz

straight line can be written in the form:

y = mx + b.

Now you can write the equation of the spring graph. Find the value of

the slope, m, and the value of the y-intercept, b, and At, them into the

formula

y = MX b.

1. In the figure to the

right, the four lines

each have the same

slope. 2' he through

the origin has the equa-

tion
y = 5x.

Write the equation of

each of the other three

Exercise 6

Y

30

5

20

10
lines.
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Use the accompanying figure

to fill in this chart.

nine

A

B

C

D

m b Equation
y = mx +b

3. The equation of a line is ze = 2x + 6, Graph this line.

4. The equation of a line is y = 6x + 1. Find out Which of the following

points are on this line Nithout graphing it:

(1,7) (3,19,30) (PO $3

.

4.7 The Centigrade-Fahrenheit Exper ent

One encyclopedia lists several Aoz n different units in which length can

be measured. You have been using a few d them -- the inch, foot, yard and

mile -- from early childhood. In the ea* ,lesions of this course you became

familiar with the meter, centimeter and Millimeter. /A variety of time meas-

uring units are likewise in common use -- the second/, minute, hour, etc.

Angles are measured in at least two units. You have probably measured angles

in degrees. You may also have heard of the unit of angle measurement called

the radian. All these examples indicate the great variety of standard units

available for measuring any property. This makes it important to be able to

shift from a measurement in one.unit to, the same measurement in a different

unit. You've done this automatically for years with some length units:
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3 feet
.
equals 36 inches; two gallons equals eight quarts; hour equals.

30 minutes. Today we are going to discover a nother relationship between two

units. They are the degree Centigrade and the degree Fahrenheit. These two

units measure temperature changes.

Suppose ,a visitor from Europe told you that he liked to go swimming

whenever the/ temperature reached5twenty-five degrees. You might be aston2

ished until you realize that he is not using the Fahrenheit scale you are

familiar with. Seventy-seven degrees Fahrenheit is the same temperature as

. twenty-five degreed Centigrade. The next experiment will reveal the Mathe-

matical relation that can be used to convert from Fahrenheit to Centigrade

and vice versa. 1

Here is'a brief description of the experiment. Corresponding Centigrade

and Fahrenheit temperature measurements are made of six quantities of water

whose temperatures range from very cold to`hot. These ordered pairs of

are aphed. The equation relation F to C is determined from the graph.

Now the experiment by following these detailed instructions. Half

fill a container of about one quart capacity with crushed ice. Pour i n just

enough water to cover the ice. Stir the slush thoroughly with both thermom-

eters. When you think the 'temperature of the water has falren,to that of

the ice, read both thermometers. (Any time you make a temperature measurement,

position the bottom of the thermometer about one inch below the,surface of

the liquid.)

Record the Centigrade and Fahrenheit temperatures in the data table

opposite "Pure ice water".

Number of °C Number of
o
F

Pure ice water
....

Salty ice water,

Cold tap water t

Cool water

Lukewarm water

Hot water/ ,

Table 7



By this time a quantity of the ice in the container will have melted. .

.

P ur off the excesawater.0 For the next temperatdre measurements we wi11.

,1ant ,Lust enough water to fill the spaces between the chunks of ice. No

water should show above the ice. 'Now pour 20 heaping tablespoons of salt,

into the ice water and stir for several minutes to dissolve most of the
, . I

salt. Put both thermometers into the salty ice water and ce both readings.

(Don't forget about the one inch depth for the thermometers.) Enter the set \

of numbers in the data table. Is the salty ice water temperature higher or

lower than the pure

temperature you can

write this

ice water temperature?' By the way, what 1the lowest

read with your Centigrade thermometeHow would you

number which is below zero to distinguish it from the same number.

Have you written the Centigrade temperatureof degrees above zero? of salty

ice Water correctly? Now let's get some temperatures above freezing. Meas-

ure the C and F temperatures of the coldest water you can get out of the

faucet. Record this pair of numbers. Get a pair ofmtemperatures between

ice witei- and cold tap water by mixing equal amounts office water and cold

tap water. Get the highest pairs of temperatures by measuring the C and F

temperatures of the hottest water you can get from the faucet. One more'

pair of numbTrs will complete the function table. Mix equal amounts of the

hottest and boldest tap water available. Measure the C and F temperatures
.

and record the numbers.

If you have made all of the measurements suggested above, you have six

pairs in your function table. The next step is to graph this function. The

graph will be most useful if you:

(a) Plot C on the horizontal axis and F on the vertical axis.

(b) Draw the C axis one-third of the way up from the bottom of

(c) Draw the F axis one-third of the way from the left edge.

Plot the data in the table. Draw' the best straight line that fits all these

the graph paper.

points.

This is the first experiment that has given us points outsi

quadrant. The reason is, the Centigrade temperature fell below zero, that is,

became.negative! How many of your six experimental points have a negative

coordtnate? What combination of C and F temperatures would give a point in

the third quadrant? Would -it be possible to have a point in the fourth

(quadrant?

4
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Exercise 7

1. What is the slope of the C vs F graph?

2. What is_the y-intercept of the C vs F graph?

3. Put these numbers in the equation: F = mC + b. This is the equation

relating the C and F temperature scales.

4. Use this equation to find the F temperature that corresponds to

(a) 20 degrees C.

(b) 45 degrees C.

(c) -5 degrees C.

(d) 0 degrees C.

5. Plot the points found in Problem 4 on the experimental graph. Do they

fall on the C vs F line2

6. (a) Plot the data in the table at the right.

(b) Find the slope and y-intercept of the-line.
o

(c) Find the equation of this

4.8 Stimmary

Linear functions were first introduced through the graph, second through

the sentence and third through the equation.of the form y = mx. These func-

tions when graphed passed through the origin. When y = mx was introduced many

, functions were shown to be of the same form and differing only in the value of

m. The value of m was recognized first as a conversion factor and then as.a

x y

-1 3

-2 0

-4 -6

constant ratio

-vertical distance
m -

horizontal distance run

This ratio wak then defined as the slope of the line representing the function

and the equation.

41/4k

The coat hanger experiment provided an example of a set of ordered pairs

or function whose graph was a straight line through the origin. Therefore,

the equation was of the form y = mx.

Then the spring experiment provided an example of a set of ordered pairs
\

or function whose graphkwas a straight line not through the origin. Therefore,

the equation was of the form y = mx + b. The Centigrade-Fahrenheit experiment

gives another example of this type. It also introduced the need for negative

values.
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GLOSSARY

Part I

ADDITION PROPERTY OF ORDER -- If a, b and c are real numbers and if a < b,

then a + c.< b + c. Also,'if a > b then a + c > b + c.

APPROXIMATION -- A result that is not exact, but is accurate-enough for

a particular situation.

AXIS (COORDINATE) --. Any line used to aid in determining the location of

points in the plane.

COMPOUND STATEMENT -- A statement constructed from simple statements by

use of the connectives "and" or "or".

1.

COORDINATE(S) ON A,LINE -- The number associated with a point of the

number line is called the coordinate of the point.

CQORDINATE(S) ON A PLANE -- The numberstassociated -- as an ordered pair --

with a point of the plane are called the coordinates of the point.

COUNTING NUMBERS -- An element of the set (1, 2, 3, 4, 5, ...J. Also

called natural-nunibera.

DEFLECTION -- The amount of bend (as indicated by a pointer relative to

a fixed scale).

DIAGONAL -- A straight line segment connecting non-consecutive vertices.

(going from corner to corner).

DISCRETE -- A discrete set,of points refers to a set of points each of

which is.. clearly'separated from the others, that is, a set of iso-

latedpoints. FOr example, the natural numbers on the number line%

DOMAIN -- The domain is the set of first elements of the ordered pairs

in a relation or function.

ELEMENT -- A member of a set.

EQUATION -- An open sentence involycbg equality.

EXPONENT -- The particular use of a numeral to indicate how many times a

certain number should be used as a factor.

FORCE -- Force is a phygical concept which can be described loosely as

thepush or pull on an object. IL

120
113



r.

FUNCTION -- A function is a set of ordered pairs such that each element

cif the domain appears in one and only one ordered pair.

HORIZONTAL --Acipss as opposed to up and down; ta straight line following

the direction of the horizon.

INEQUALITIES -- A simple sentence with the symbol " >" or "<" as the verb

phra'se is called an inequality.

INTERCEPT -- The point on a number line at which a second line meets it.

LENGTH -- The measurement of the distance between two points.

LINEAR -- Pertaining to straight lines.

MASS -- Mass is a fundamental property of a body. It is not the same as

the weight of the body. On the earth's surface, the weight of an

object is proportional to its mgss.

MATHEMATICAL MODEL -- A mathematical representation of a physical object

or event which can be used to predict information about the object

or event.

MATHEMATICAL SENTENCE -- A mathematical statement which is either true

or false,-but not both.

MAXIMUM VALUE -- The greatest value.

MEASUREMENT The process of comparing some object or event with some

unit which we have chosen.
.

NEGATIVE EXPONENT -- In a number such as 10-n, where n 2,,3, 4,

the -n is a negative exponent. It is interpreted:

ito-n 1

0
10

n

F.
NEGATIVE REAL NUMBERf -- The set of real numbel% associated wiip points

to the left of zero on the number line is the set of negative real

numbers.
4

4 i

NONTERMINATING 7- Unlimited; not coming to an end; expressed in an

infinite number of terms.

NOTATION -- Symbols denoting quantities, operations, or relations.

1

NUMBER LINE -- When a one-to-one correspondence has been established

between the points of a line and the real numbers we call the

line a number lifie.
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ORDERED PAIR -- A set containing exactly two elements, (a,b), in whAh

- one element is recognized as the first element. .

ORIGIN -- The intersection of the horizontal and ve.rtical axes in

coordinate system. This point is represented by the ordered
4.,

pair (0,0).
.

.

,-.

PERPENDICULAR LINES -- Two mines which meet at right angles:

.

, a - # .

',PROPORTIONAL -- TV° related quantities are said to be proportional if
1i oi'
their ratio is always the

1
same.c ° '''

.
,

.

QUADRANT -- One of they four regionsions into which the oordinate axes divide
. . e..

the plane. They are usually numbered counter-clockwise.
. .

.

RADIAN -- One 'radian'ig the angle subtended at the center of a circle

by an arc e41 in length to one radius.

I radian = r

s = r; the angle is 1 radian.

RANGE The.range is the set of second elements of the ordered pairs

in a relation or ' unction.

RATIO -- The ratio of ainiMber "a" to a number "b" (b t 0) is the

e4 quotient
a

.

e

REAL NUN RS -- The set of all numbers associated with points on the
. -

ntmlber line\ A number which can be represented by a finite or'

infinite decimal expAsion.-

RELATION -- A relation is a set pf ordered pairs. When the pair (x,y)

is injhe set and we use R to represent the'relation, we say that

x.R y is true.

SCIENTIFIC NOTATION -- The practice followed in mathematics and science

of writing nuMbers as a number between one and ten multiplied by the

appropriate power of ten. For example,

216 = 2.16 x 102

0.0043 = 4.3 x 10-3

SET -- A well-defined collection of elements.
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. SIGNIFICANT FIGURE -- If a number is written in scientific notation

(a x 10n), the last digit to the. right in "a".is significant.

Otherwise, the lAt non-zero digit to the right in a number

is, the last significant figure.

tio

SLOPE -- The slope measures the steepness of the inclination of a

line. It is the ratio of the rise to the run.

TRANSITIVE PROPERTY -- If,a relation R has the property that whenever

a R b and b R c are true statements, then a R c is a true state-

merit- and we say that Rbas the transitive property.

UNIQUE -- Just one. Consisting of one and only one. Leading to one

and only one solution.

UNIT OF MEASURE -- An object or event of our choice which we compare

with the object or event to be measured.

UNIT POINT -- The point associated with the place-value notation

referring to the value of the first place. Also, the point

on a number line corresponding to the number "1".

VARIABLE -- A symbol which represents a definite though unspecified

number from a given set of admissible numbers.

WEIGHT -- The weight of"a body is the measure of the force caused

by the earth pulling on that body.


